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Juan José Garćıa-Ripoll (*)
Borja Peropadre

(*) jj.garcia.ripoll@csic.es

October 1, 2014



2



Preface

What you have in your hands is some version of a set of lecture notes in
the theory of superconducting circuits and its applications to Quantum
Optics, Quantum Information and Quantum Simulation. The notes
have been started in September the 1st, 2014, with the excuse of a
Quantum Optics school that will take place in Benasque, in October
2014. This means that some of you will read a partially finished version
of the notes, and some of you will read a more elaborate set of notes,
hopefully with less typos and notational inconsistencies.

If you are reading one of the earliest versions, I beg your forgive-
ness, for the lack of time is forcing me to write these notes in a rather
conversational manner, as the topics spun out of my head, and trying
to be consistent among sections, but without much time to revisit the
material once written. In this case, or even in the case in which get
to a more elaborate version, I welcome your feedback on the structure,
content and presentation of the different topics.

The content of the notes is quite diverse and it is selected with a
strongly biased view of the field and focusing on the personal interests
of the author, some of which are already spelled above. The emphasis
is not so much on the topics of Quantum Computation, algoritmia and
similar ideas, which are beautifully spelled somewhere else, but on the
tools that one has needed to enter and enjoy the blooming field of su-
perconductor quantum optics.

Juan José Garćıa-Ripoll
September 5, 2014

Madrid, Spain
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Notation

C Capacitance

EJ Josephson energy

L Inductance

L Lagrangian or Lindblad operator

Φ0 = h
2e Magnetic flux quantum

ϕ0 = Φ
2π = ~

2e Flux to phase conversion

φ Flux on a node of a circuit §2.1

δφ Flux on a branch of a circuit §2.1

Linear capacitor

Linear inductor

Nonlinear inductance associated to a Josephson junction

Josephson junction: nonlinear inductor and capacitor in
parallel

Constant voltage source.
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Chapter 1

Introduction
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Chapter 2

Quantum circuit theory

2.1 Quantization procedure

The quantization of a superconducting circuit is obtained through the
following set of rules, that start with the classical circuit theory, ex-
pressed in terms of flux variables, constructs an effective Lagrangian,
derives a Hamiltonian and quantizes it using canonically conjugate vari-
ables. The procedure is reminiscent of the canonical quantization of
moving particles within a non-relativistic setup, but involves some ad-
ditional considerations that merge-in ideas from circuit theory and the
Kirchhoff laws. Our quantization procedure is essentially the one found
in the lecture notes by M. Devoret in [Dev95], though we will apply it
to a larger family of examples and discuss certain subtleties that lay
outside the actual rules.

1. Labelling: Identify all distinct nodes in the circuit, which are
those intersections where different circuital elements connect. All
points in the same line of a circuit are considered to be equivalent
and thus a line without circuital elements (capacitors, inductors,
etc) cannot have more than one node.

2. Build the tree: We will select a starting node, which will typi-
cally be a ground plane, and build an open and directed tree that
runs through all nodes in the circuit, without creating loops.

3. Branch fluxes on the tree: To each circuital element in the

9



2.1. Quantization procedure

previous tree will associate a flux, δφij = φj − φi, the difference
between the end (j) and initial points (i) of the branch, taking
into consideration the orientation that we chose for the branch.

4. Flux quantization: The remaining circuital elements will be
the ones that close different superconducting loops. The flux on
those branches will satisfy a quantization equation∑

b∈loop

δφb + Φloop = nΦ0, (2.1)

where Φloop is the magnetic flux that runs through the loop,
Φ0 = h/2e is the flux quantum and n is any integer number
that represents the trapped quanta of vorticity (typically zero if
the system was properly annealed).

5. Branch currents: Once we have the branch fluxes identified,
we can establish the currents that go through the branches using
the appropriate relations shown below:

Capacitor I = CV̇ = Cδφ̈

Inductor İ = V/L⇒ I = δφ/L

Junction I = −LJϕ0 sin(δφ/ϕ0)

Here LJ is the junction inductance to first order and EJ = LJϕ
2
0

is the Josephson energy.

6. Current conservation: For each node, there will be an equa-
tion denoting the fact that the sum of all currents converging to
that node is zero:

IC + IL + IJ = 0, (2.2)

where IC , IL, and IJ are the currents associated to the inductive,
capacitive and Josephson junction elements. In practice this will
be a set of differential equations that can be written in the form∑
ij∈capacitor

Cij ¨δφij+
∑

ij∈inductor

δφij
Lij

+
∑

ij∈junction

EJ
ϕ0

sin(δφij/ϕ0) = 0.

(2.3)
In this equation we have a capacitance and inductance matri-
ces, C and (1/L), as well as nonlinear elements representing the
Josephson junctions.
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Chapter 2. Quantum circuit theory

7. Lagrangian: The differential equations associated to (2.2) can
be derived from an effective Lagrangian L via the variational
equations

d

dt

∂L
∂φ̇i

=
∂L
∂φi

(2.4)

This Lagrangian has to be reversed engineered from the differen-
tial equations in terms of the flux variables.

8. Canonical variables: From the Lagrangian we btain the charge
variables as the canonically conjugate momenta to the respective
fluxes

qi =
∂L
∂φ̇i

(2.5)

We will impose that each pair of flux-charge variables satisfy the
canonical commutation relations

[φi, qj ] = i~δij , (2.6)

and evolve according to the Hamiltonian

H =
∑
i

qiφ̇i − L, (2.7)

expressed solely in terms of these {qi, φi} variables (i.e. replacing
˙phii with its expressions in terms of charges).

2.2 Practical examples

The following subsections list a number of circuits that are either
needed for the understanding of microwave photons and superconduct-
ing qubits, or which are complicated enough that they represent useful
exercises in the application of the superconducting circuit quantiza-
tion theory. Except for a few paradigmatic circuits, such as the DC-
SQUID, we do not discuss anything but the design of the equivalent
circuit, the finding of the appropriate variables and the resulting La-
grangian and Hamiltonian. In this sense, this section represents a more
up-to-date complement to the excellent notes by M. Devoret [Dev95].
Finally, the interested reader is advised to read this section by looking
first at the introductory paragraph and circuits, and try to derive
the resulting equations herself, thereby correcting the lack of solved
problems in these notes.
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2.2. Practical examples

V

Cg

C

L

φbφaφ0

a) b)

Φ=0

Figure 2.1: (a) Equivalent circuit for an LC resonator consisting on an
inductor in parallel with a capacitor, subject to an external potential
V (t). (b) Nodes and fluxes for the circuit description and quantization.
Note that the value of the flux φb is imposed by the external potential
φ̇b = V (t).

2.2.1 LC resonator

In figure 2.1 we show the equivalent circuit for a superconducting res-
onator that is externally driven by a voltage source. The elements in
the circuit are: (i) the capacitor C and (ii) the inductor L which are
in parallel; (iii) the external voltage source and (iv) the capacitor that
couples it to the resonator, Cg.

In figure 2.1b we have selected the set of nodes, starting with
the ground plane and running to the right until the voltage source
is reached. Note how this creates a directed and open tree, with only
two distinct node variables, φa and φb, as the ground plane flux φ0 can
be set to zero without loss of generality. Note also that we are going
to assume that there is no flux trapped in the resonator, though this
does not significantly alter the resulting equations. As a consequence,
the flux on the upper branch is equal to the lower branch. Finally,
the presence of the voltage source imposes a constraint on the flux
d
dtφb = V .

We now write down an equation that balances the incoming inten-
sities from the branches to the left and to the right of the a-node:

CJ φ̈a +
1

L
φa = Cg(V̇ − φ̈a), (2.8)

12



Chapter 2. Quantum circuit theory

where CΣ = CJ + Cg is the total capacitance. We can regroup terms

CΣ

(
φ̇a −

Cg
CΣ

V̇

)
=

1

L
φa (2.9)

This equation is conservative and derived from an effective Lagrangian
via (2.4). The Lagrangian is found to be, up to irrelevant constants,

L =
1

2
CΣ(φ̇a − V )2 +

1

2L
φ2
a. (2.10)

The charge operator is obtained from the capacitive terms

qa = CΣ(φa − V ) (2.11)

and the Hamiltonian is obtained using the Legendre transform

H = qaφ̇a − L =
1

2CΣ
q2 +

Cg
C2

Σ

qV +
1

2L
φ2
a (2.12)

Note that the previous Hamiltonian may be written, up to a c-number

H =
1

2CΣ
(qa − qg)2

+
1

2L
φ2
a (2.13)

with the externally induced charge qg = CgV/CΣ.

2.2.2 Transmission line

The next most important circuit that we need to analyze is a supercon-
ducting cable that is capable of transporting microwave energy. There
are many circuits that can do that, from coaxial cables that are similar
to the ones transporting our TV signal, to simple superconducting lines
imprinted on a chip, in top of a ground plane. The uses and designs of
these lines will be discussed later in §3.3.

In this section we are only concerned with the equivalent circuit
describing those microwave guides, which is an array of coupled LC-
resonators, similar to the one in figure 2.2. In this circuit, the capacitors
represent the electric energy that is stored between the cable and the
ground plane that surrounds it (a metallic network in the case of a coax-
ial cable or a superconducting ground plane in other cases), while the
inductors represent the natural impedance of the cable towards changes
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2.2. Practical examples

C0

L0 φiφi−1 φi+1

Δ x

Figure 2.2: Equivalent circuit for a transmission line or a coplanar
waveguide. The line is discretized as a set of coupled resonators, each
of size ∆x and with capacitances and inductances C0 = ∆x× c0, L0 =
∆x × l0. The tree starts in the ground plane and spans, as a star, to
all nodes by the vertical capacitors. Because there are no actual loops,
there are also no “trapped” fluxes.

in the current. Note that the equivalent circuit is a discretized version
of the line, where the resonators have a size ∆x that is much smaller
than both the wavelength and the actual length of the conductor. For
consistency, the capacitance and inductance per resonator are defined
in terms of some capacitance and inductance densities, c0 and l0, as in

C0 = c0∆x, L0 = l0∆x. (2.14)

The quantization procedure for this circuit is rather simple. We
start by identifying all connections to ground with the same node, φ0 =
0, and build the tree as a star that spans without loops to all nodes
in the line, labeled {φ1, φ2 . . . φN}. Current conservation on the nodes
leads to the equations1

1

L0
(φi − φi−1) +

1

L0
(φi+1 − φi) + C0φ̈i = 0. (2.15)

This equation can be derived from a simple Lagrangian

L =

N∑
i=1

1

2
Cφ̇2

i −
N−1∑
i=1

1

2L
(φi+1 − φi)2. (2.16)

1Note that while each two consecutive nodes with a ground plane form a “loop”
in our model, in the physical implementation there are no such loops and thus we
need not consider trapped fluxes.
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Chapter 2. Quantum circuit theory

Because of our choice of tree, the capacitive terms are local and the
charges are simply defined as the charge difference between a given
point in the line and the corresponding one on the ground plane

qi =
∂L
∂φ̇i

= Cφ̇i. (2.17)

The Hamiltonian consequently is a simple sum of capactive and induc-
tive energies

H =

N∑
i=1

qiφ̇i − L =

N∑
i=1

1

2C0
q2
i +

N−1∑
i=1

1

2L0
(φi+1 − φi)2. (2.18)

The continuum limit of this theory is obtained by inserting the
actual size of the discretization

H =

N∑
i=1

∆x

2c0

( qi
∆x

)2

+

N−1∑
i=1

∆x

2l0

(
φi+1 − φi

∆x

)2

. (2.19)

Using the charge density, ρ(xi) = qi/∆x, and replacing sums with
integrals we obtain the usual quadratic field theory

H =

∫
dx

{
1

2c
ρ(x)2 +

1

2l
[∂xφ(x)]2

}
, (2.20)

where now the commutation relation is [φ(x), ρ(y)] = i~δ(x− y).

2.2.3 Charge qubit

In figure 2.3 we show the equivalent circuit for a superconducting is-
land that is coupled to a ground plane via a Josephson junction. The
elements in the circuit are: (i) the capacitor describing the interaction
between the island and the plane, (ii) the capacitor Cg describing the
interaction with an electrode that applies a voltage V onto the island,
(iii) the Josephson junction EJ allowing pairs to hop in and out of the
island. In this figure we appreciate the similarities with the LC res-
onator, the only significant difference being the nonlinear inductance
associated to the Josephson junction.

The quantization procedure for the charge qubit is equivalent to
the one we followed for the LC resonator in §2.2.1. The choice of
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2.2. Practical examples

V

Cg

C J

EJ

φbφaφ0

a) b)

Φ=0

Figure 2.3: Equivalent circuit for the charge qubit, with the actual
network on the right. The superconducting island is the region con-
tained between the two capacitors, CJ and Cg. The nonlinear element
EJ represents the channel by which pairs can tunnel into the ground
plane.

nodes and fluxes is identical, and the only difference is in the current-
voltage relation of the Josephson junction, which leads to the following
nonlinear differential equation:

CJ φ̈a + (EJ/ϕ0) sin(φa/ϕ0) = Cg(V̇ − φ̈a), (2.21)

The associated Lagrangian is modified accordingly to include the non-
linear inductive energy of the junction

L =
1

2
CΣ(φ̇a − V )2 + EJ cos(φa/ϕ0). (2.22)

The charge operator is the same as before and the Hamiltonian looks
identical except for the change in the inductance

H =
1

2CΣ
q2 +

Cg
C2

Σ

qV − EJ cos(φa/ϕ0), (2.23)

Note that once more the previous Hamiltonian may be written, up to
a c-number

H =
1

2CΣ
(q − qg)2 − EJ cos(φa/ϕ0), (2.24)

with the externally induced charge qg = CgV/CΣ shifting the equilib-
rium state of the qubit.
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Chapter 2. Quantum circuit theory

I

C J
L

φa

φ0

a) b)

ΦMEJ

Figure 2.4: Equivalent circuit for the RF-squid qubit in full version
(a) or restricted to the SQUID (b). A Josephson junction (CJ , EJ) is
shorted by a large inductor L which may couple to an external mag-
netic field generated by a current source. The mutual inductance M is
introduced in the text.

2.2.4 RF-SQUID

A Josephson junction may not only be associated to a capacitor, but
also to an inductor. The circuit that results from short-circuiting a
junction with a large inductor (a longer “cable”) is shown in figure
2.4. The resulting device is called an RF-SQUID, where SQUID stands
for Superconducting Quantum Interference Device, and it is one of the
earliest designs for qubits. We are interested on this design mainly
because it introduces two new ingredients for the first time:

1. the possibility of coupling different superconductors through a
magnetic interaction, hereby denoted as M or mutual inductance,
and

2. the possibility of threading an external flux inside the supercon-
ducting, having Φ 6= 0 for the first time.

Based on the first point, the current conservation on the upper node is
written in terms of the branch flux on the inductor, φL = φa − φ0 and
the flux on the junction, φJ

CJ φ̈J +
EJ
ϕ0

sin(φJ/ϕ0) = LφL +MI. (2.25)

This equation takes into account the mutual inductance between both
circuits, with the external current source modifying the current on the
large loop.
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2.2. Practical examples

The greatest complication arises now, because the second point
above forces us to distinguish between φJ and φL, relating them only
through the quantization relation

φL + φJ + Φ = nΦ0. (2.26)

The important question is: what value of Φ do we have to introduce in
this equation in order to clear φJ? The answer is that Φ, the magnetic
flux, arises as a sum of external contributions induced by devices such
as the external inductor in figure 2.4, and therefore proportional to
the mutual inductance, ∝ MI, plus the magnetic field generated from
the supercurrents in the circuit itself, which we typically neglect in
the small circuits we deal with. We will therefore write, assuming no
trapped fluxes,

φJ = −φL − Φ. (2.27)

The dynamical equation of the circuit is therefore

−CJ φ̈L −
EJ
ϕ0

sin

[
1

ϕ0
(φL + Φ)

]
= LφL −MI (2.28)

This equation can be reordered to adopt the form 2.4 with a Lagrangian

L =
1

2
CJ φ̇

2 − 1

2L
φ2 +MφI + EJ cos

[
1

ϕ0
(φ+ Φ)

]
, (2.29)

and its associated Hamiltonian (up to c-numbers)

H ' 1

2CJ
q2 +

1

2L
(φ−MLI)2 + EJ cos

[
1

ϕ0
(φ+ Φ)

]
. (2.30)

As we will argue below, not all terms have to be considered in practice:
ML can be very small when compared with the effective displacement
in Φ induced by the external current I.

2.2.5 DC-SQUID

The word SQUID means Superconducting QUantum Interference De-
vice. This denomination is most evident in a design with multiple
Josephson junctions, such as the DC-SQUID shown in figure 2.5a,
where two junctions are connected in parallel. As in the case of the
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Chapter 2. Quantum circuit theory

Φ

J 1

J 2

I in
I out φb

φa

a) b)

Figure 2.5: (a) A DC-SQUID is a device consisting on two junctions in
parallel, threaded by some magnetic flux. (b) A more detailed version of
the circuit must take into account the capacitive and inductive energy
of the junctions if the pair is unbalanced.

RF-SQUID, we have to consider the flux quantization and the flux
induced by external fields or by the supercurrent in the ring itself.

The quantization of the loop proceeds as before, but we are going
to consider the possibility of having currents injected in and out of the
squid. Current conservation on both nodes imposes Iout = Iin = I
so that we only have to worry about one equation. Moreover, flux
quantisation imposes a difference between the fluxes above, δφu = δφb−
δφa, and below, δφd,

δφu + δφd + Φext = 0. (2.31)

As said above, we only need one differential equation that summarizes
the total intensity across the SQUID

CJ1δφ̈u −
EJ1

ϕ0
sin(δφu/ϕ0) = CJ1δφ̈d −

EJ1

ϕ0
sin(δφd/ϕ0) + I

We assume that the junctions are all identical to simplify the calculation

C(δφ̈u − δφ̈d) = −EJ
ϕ0

2 sin

(
δφd − δφu

2ϕ0

)
sin

(
δφd + δφu

2ϕ0

)
+ I (2.32)

We can define two effective fluxes, φ± = 1
2 (δφd ± δφu). The first flux,

φ+ = −Φext/2, is related to the circulating flux in the SQUID, while
the flux difference φ− is related to the current that passes through the
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Figure 2.6: Washboard potential of the DC-SQUID (2.35) (a) below
and (b) on the verge of switching to a voltage state.

device. The effective Lagrangian in this case is

L =
1

2
2Cφ̇2

− + 4EJ cos

(
φ−
ϕ0

)
cos

(
Φ

2ϕ0

)
+ Iφ− (2.33)

DC-SQUID as a tunable junction

The effective Lagrangian of the DC-SQUID from equation 2.33 is very
similar to that of a single Josephson junction. The main differences
are (i) the total capacitance is the sum of the capacitances of both
junctions and (ii) the effective Josephson energy is modulated by the
external flux

EJ(Φ) = EJ(0)2 sin(Φ/ϕ0). (2.34)

This idea is indeed used pervasively in the circuit-QED community,
from the design of charge qubits (§4.2) or transmon (§4.4), to the design
of microwave resonators, where the SQUID acts as a tunable inductance
that can be used to dynamically change the resonator frequency.

DC-SQUID as a magnetometer

One of the main applications of the DC-SQUID is to do extremely
magnetic field measurements. The basic idea stems from the inductive
potential associated to the SQUID (2.35)

Eind = −4EJ cos

(
φ−
ϕ0

)
cos

(
Φ

2ϕ0

)
− Iφ− (2.35)
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Chapter 2. Quantum circuit theory

This curve forms a washboard potential such as the one plotted in figure
2.6a. In this stage, contemplating the SQUID as a classical object, there
are infinitely many equivalent metastable configurations in the minima
of the potential. All these minima represent situations of constant flux,
φ− ∼ 0, and therefore no potential, V ∝ φ̇− = 0.

However, if the externally induced bias intensity I reaches the crit-
ical value Ic = 4EJ cos(Φ/2ϕ0)/ϕ0, all minima disappear (cf. figure
2.6a) and the state of the SQUID becomes deconfined, the flux grow-
ing quadratically in time and giving rise to a potential difference that
also grows between nodes a and b in figure 2.5b.

Note that the quantum prediction in the unstable case I > Ic is
unphysical and also undesirable. In practice, for the purposes of mag-
netometry, the DC-SQUID is designed so that both junctions have a
similar resistance. This has the effect of stabilizing the washboard
potential, driving the voltage states to the minima and preventing tun-
neling to the continuum, while in the unstable case it restricts the
maximum potential that can be reached. Under these conditions, the
potential difference assimilates to a sinusoidal function of the externally
applied flux, Vab ∝ cos(Φ), varying at a scale, the flux quantum Φ0,
that implies an extremely good sensitivity.

2.2.6 Three-junction flux qubit

The next level of complexity in the circuit design arises when we con-
sider not two, but three Josephson junctions [cf. Figure 2.7a. As in the
case of the RF-squid and DC-squid, the flux quantisation plays an im-
portant role, as does the choice of normal modes or collective variables
to describe the loop.

Instead of following all the quantisation rules, since we are already
familiar with the protocol, we may write down the equations for the
branch fluxes shown in figure 2.7b. Flux quantisation allows us to
eliminate one branch variable

δφ1 + δφ2 + δφ3 + Φ = 0, (2.36)
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a)
CJ , EJ

αC J ,
α EJ

CJ , EJ

Φ

b)

Φδφ3

δφ2

δφ1

Figure 2.7: (a) The qubit is a loop with three Josephson junctions, two
identical (1, 2) and a smaller one (3). (b) The equivalent circuit where
we focus only on the branch fluxes.

so that the equations become

Iloop = −EJ3

ϕ0
sin(Φ− δφ1 − δφ2)− CJ3(δφ̈1 + δφ̈2) (2.37)

= −EJ1

ϕ0
sin(δφ1) + CJ1δφ̈1

= −EJ2

ϕ0
sin(δφ2) + CJ2δφ̈2.

Assuming that two of the junctions are balanced, CJ1 = CJ2 = CJ and
EJ1 = EJ2 = EJ , and the third one is smaller, EJ3 = αEJ , CJ3 = αCJ .
We can thereafter introduce flux “center of mass” and difference,

φ± = δφ1 ± δφ2, (2.38)

and add and subtract equations, to arrive at

1

2
(1 + 2α)CJ φ̈+ =

αEJ
ϕ0

sin(Φ− φ+)− EJ
ϕ0

sin

(
φ+

2ϕ0

)
cos

(
φ−
2ϕ0

)
CJ φ̈− = −EJ

ϕ0
cos

(
φ+

2ϕ0

)
sin

(
φ−
2ϕ0

)
Integrating these equations, we obtain the Lagrangian

L =
1

2
(1/2 + α)CJ φ̇

2
+ +

1

2
CJ φ̇

2
− (2.39)

+ αEJ cos

(
Φ− φ+

ϕ0

)
+ 2EJ cos

(
φ+

2ϕ0

)
cos

(
φ−
2ϕ0

)
,
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with the associated Hamiltonian

H =
1

2(1/2 + α)CJ
q2
+ +

1

2CJ
q2
− (2.40)

− αEJ cos

(
Φ− φ+

ϕ0

)
− 2EJ cos

(
φ+

2ϕ0

)
cos

(
φ−
2ϕ0

)
,
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Chapter 3

Microwave photons

3.1 Energy quantization and photons

The LC-resonator is the simplest nontrivial superconducting circuit
that one may build with non-dissipative elements. Classically the res-
onator acts as a harmonic oscillator, with energy

E =
1

2C
q2 +

1

2L
φ2 (3.1)

and with the flux and charge variables, or voltage and intensity, oscil-
lating at the frequency

ωLC =
1√
LC

. (3.2)

Quantum mechanically we expect this resonator to be quantized. In
other words, the system will exhibit a discrete but infinite set of sta-
tionary states with energy

En = ~ω
(
n+

1

2

)
, n ∈ {0, 1, 2 . . .} (3.3)

and the exchange of energy with the environment and other circuits
will only be done in quanta of ~ω.

The quantisation of energy in the LC resonator extends also to all
other linear circuits, such as cables or waveguides. In all these cases,
there exist bosonic excitations that we will call microwave photons,
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Lb)a) LC

L

Figure 3.1: (a) A resonator formed by an interdigitated fingers capaci-
tor and a short line that acts as an inductor. Courtesy of Pol Forn-Dı́az,
IQC, Canada. (b) Equivalent circuit.

which can be emitted to the environment (radiated) or exchanged with
the substrate, impurities or other circuits. While conducted through
the superconductor, or in between superconducting planes, these pho-
tons are combined excitations of the electromagnetic field and the sur-
face currents on the superconductor that move with them. That’s fine:
it only affects the speed of such excitations, which move slightly slower
than in true vacuum, but still follow similar wave equations and exhibit
similar dispersion relations.

These and other ideas are the topic of this chapter, where we start
with the LC-resonator, introducing the tools to diagonalize and find
the quantisation of its energy levels. We then move on to transmission
lines or waveguides through which photons move freely and demand
a quantum field theory to be described. Of course, the quantisation
of the electromagnetic field demands other tools, such as measurement
apparatus that can either detect photons or track their fluctuations,
which will be the topic of later chapters.

3.2 LC resonator

Figure 3.1a shows an example of an LC-resonator as one would have
it in mind: a large, very well identified capacitor with many finger
providing room to store charge, connected in parallel with some su-
perconducting loop providing additional inductance. In figure 3.1b we
provide a simplified version of the equivalent circuit that was already
obtained in 2.2.1 and which we will now quantize.
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3.2. LC resonator

In order to study the simplified resonator without external volt-
age sources, we take Cg = 0 in the models from §2.2.1, obtaining
the Hamiltonian from equation 3.1. The quantization of the flux and
charge variables (2.6) establishes an analogy between charge-flux and
momentum-position that allows us to diagonalize the Hamiltonian us-
ing Fock creation and anihilation operators, a and a†,

H = ~ω(a†a+ 1
2 ), (3.4)

φa =

√
~Z
2

(a+ a†), (3.5)

qa =

√
~

2Z
i(a† − a), (3.6)

with the oscillator frequency from (3.2), and an oscillator wavepacket
length a0 =

√
~Z that is proportional to the impedance Z =

√
L/C.

Note how the capacitance C plays the role of the mass in the os-
cilator, while the inductance L plays the role of the inverse trapping
strength of a harmonic potential (i. e. the smaller the inductance, the
larger the inductive energy, the tighter the potential). Both combined
give rise to the quantisation of the oscilator energy in units of the fre-
quency ω = (LC)−1/2, meaning that the electric energy that is confined
in the resonator and which typically belongs to the microwave regime
(MHz-GHz), can only be extracted or inserted in units or “photons”
with energy ~ω. The commutation relations of the Fock operators a
and a† that anihilate and create these quasiparticles can be derived
from those of φ and q,

[a, a†] = 1 (3.7)

and manifest the excitations of the resonator are bosons. Both features,
quantization and bosonic statistics, justify the name “photons”.

Phase space dynamics

The behavior of the flux and charge variables is completely equivalent
to those of the position and momentum operator in the harmonic os-
cillator. From equation (3.4) we can obtain the evolution equations of
the Fock operators in the Heisenberg picture

d

dt
O = i[H,O], (3.8)
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which substituting a and a† forO and using [a, a†] = 1, have as solutions

a(t) = e−iωta(0), a†(t) = eiωta†(0). (3.9)

From this it follows

φa =

√
~Z
2

(e−iωta+ e+iωta†), (3.10)

qa =

√
~

2Z
i(e+iωta† − e−iωta). (3.11)

If we remember the definition of impedance, we see that the equivalent
terms in φ and q, that is those that rotate at the same frequency, are
proportional to each other by a factor Z

φ̃a(+ω)

q̃a(+ω)
∼ Ṽa(+ω)

Ĩa(+ω)
∼ −iZ. (3.12)

It also follows that the flux-charge or voltage-current variables form
elliptical orbits in phase space, which are traversed with a frequency ω

φa(t) = cos(ωt)φa(0) + sin(ωt)Zqa(0), (3.13)

qa(t) = cos(ωt)qa(0) + sin(ωt)
1

Z
φa(0). (3.14)

3.3 Transmission lines or waveguides

So far we have seen that the superconductor admits linear excitations
that combine charge, currents and a confined electromagnetic field,
and that these microwave excitations behave like photons in a box
or in a cavity. We are now going to study circuits that allow the
photons to move freely, introducing the notion of propagating photons
and continuous fields.

The are various elements that can potentially conduct microwaves
and a allow the guided transport of photons. The simplest one would
be just a coaxial cable, such as the ones that bring the TV signal to
our receivers. These cables consist of a conducting core and a conduct-
ing shell around it, separated by some dielectric. The electromagnetic
waves move longitudinally in the free space among metals, carrying
with them charge and current excitations on the surface of both con-
ductors.
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3.3. Transmission lines or waveguides
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Figure 3.2: (a) Picture of a coplanar waveguide. The left and right
superconducting planes are grounded to a fixed potential while the
charge and electromagnetic waves run through the middle section. (b)
Reminder of the equivalent circuit.

The equivalent device in a 2D superconducting microchip would
be either a stripline or a coplanar waveguide. The former consists
on two strips of superconducting material, one sitting above and one
below the substrate. The field moves in between both lines, confined
in the substrate. The coplanar waveguide, on the other hand, consists
on a thin superconducting line surrounded by larger planes that are
connected to ground or some fixed potential. Now the electromagnetic
field runs outside and inside the substrate, and this, together with the
larger size of the ground planes seems to isolate better the propagating
waves from external disturbances.

From a physical point of view, any of these devices behaves like a
one-dimensional circuit with has some inductive and capacitive energy
distributed along it. The capacitive energy arises from the interaction
between the core conductor and the ground plates, while the inductive
energy arises from the natural resistance of the material to changes in
the current — a kind of intrinsic “inertia”. Mathematically, we model
these two ingredients by discretizing the waveguide into a series of small
inductors and capacitors, connected as in figure 3.2b.

We are now going to proceed to the quantization of that model,
starting from the Hamiltonian that was already derived in §2.2.2. This
will be done in two different setups, open and periodic boundary condi-
tions. The reason is simple: while microwave cavities made of “open”
cables with endings will be best described by open boundary condi-
tions, the eigenmodes of that problem correspond to standing waves.
It is therefore more convenient, once we move to studying propagating
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Chapter 3. Microwave photons

photons, to have a problem with eigenmodes that carry a well defined
momentum, and where moving wavepackets can be defined.

3.3.1 Periodic boundary conditions

Let us assume a fictitious coplanar waveguide that closes on itself. The
Hamiltonian that describes the equivalent discretized circuit is (2.18),
which may be written

H =

N∑
i=1

1

2C0
q2
i +

N∑
i=1

1

L0
(φ2
i+1 − φi+1φi). (3.15)

The electric properties of each segment ∆x = d/N are proportional to
the capacitance and inductance densities, C0 = c0∆x and L0 = l0∆x.

The second term in this model is a quadratic form, 1
2L0

φTBφ, with
a non-negative, symmetric matrix B that is of the form introduced in
§A.3. The Hamiltonian can be diagonalized following the prescriptions
from §A.4. We modify this procedure slightly in order to introduce some
length scale in the problem. For that we assign positions xm = ∆x×m
to each segment, and obtain the quasimomenta

k =
2π

d
× n ∈

(
− π

∆x
,
π

∆x

]
, (3.16)

where d is the total length of the cable. The result is an expansion in
terms of creation and anihilation operators

φ(xm) =
∑
k

√
~

2c0ωk

(
eikxm

√
d
bk +

e−ikxm

√
d

b†k

)
, (3.17)

q(xm) = ∆x
∑
k

√
~c0ωk

2
i

(
eikxm

√
d
b†k −

e−ikxm

√
d

bk

)
,

The eigenfrequencies of the problem are

ωk =
1√
C0L0

√
2− 2 cos(k∆x), (3.18)

and for small momenta the dispersion relation is approximately linear

ωk ' c|k|, c =
1√
c0l0

, |k| � 1

∆x
. (3.19)

29



3.3. Transmission lines or waveguides

aL

-4 -2 0 2 4

k�Π

Ω
Hk

L

bL

0.0 0.2 0.4 0.6 0.8 1.0
-1

0

1

x�d

Figure 3.3: (a) Dispersion relations for a transmission line. In dashed
line we plot the relations for ∆x = 1, 1/2, 1/4 and in solid line the
limiting relation for ∆x = 0. When the transmission line has a finite
length d = 6, the momenta and frequencies are discrete (circles). (b)
First flux modes for an open trasmission line of finite length.

The dispersion relation only depends on intensive properties of the
line. This is illustrated in figure 3.3, where we plot how the inter-
vals of allowed photon momenta increases with decreasing ∆x, but the
whole relation has a well defined limit. The same happens with the
definitions of the charge and flux operators, which depend only on in-
tensive quantities, c0, ω, and normalized modes. This allows us to
obtain the continuum limit introducing the charge density operator,
ρ(x) = q(x)/∆x, and the effective low-energy Hamiltonian

H =

∫ d

0

dx

{
1

2c0
ρ(x)2 +

1

2l0
[∂xφ(x)]

2

}
, (3.20)

which corresponds to a massless Klein-Gordon theory with periodic
boundary conditions φ(x+ d) = φ(x).

3.3.2 λ/2 microwave cavities

When the transmission line has a finite length, only a discrete set of
microwave frequencies is allowed into the transmission line. If the trans-
mission line is cut, photons are reflected by the ends of the cable, form-
ing standing waves that are our eignmodes, in a very similar way in
which photons would be confined by a mirror in a Fabry-Perot cavity.
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A

B

Figure 3.4: A λ/2 resonator coupled to one qubit and connected via
two capacitors (A, B) to input and output ports.

Working in the continuous limit, we can model the reflection of photons
through Neumann boundary conditions

∂xφ|x=0,d = 0 (3.21)

In other words, since the line is cut open, the previous equation states
can be no current at the borders. The Hamiltonian of the problem is
the same one (3.20), but now it is solved by a different set of modes

u(n)(x) =

√
2

d
cos
(πn
d
x
)
, n ∈ N (3.22)

where kn = πn/d plays the role of the quasimomentum, even though
all modes are standing waves. In figure 3.3a we plot the shape of the
first three eigenmodes, which indeed have zero derivative at the edges
of the line and span half a wavelength.

While a λ/2 resonator has no current at the edges, its modes reach
maximum values of the charge on the edges

ρ(x) =
∑
n

u(n)(x)

√
~c0ω

2
i
(
b†n − bn

)
. (3.23)

Thus, if we connect two capacitors to the ends of the line, we will
achieve a large electric coupling that allows us to inject and retrieve
photons in and out of the cavity. As shown in figure 3.4, a typical de-
sign actually builds a λ/2 resonator from a larger coplanar waveguide
or transmission line, that is cleverly interrupted at two points to cre-
ate two capacitors (the “B” inbox in figure 3.4). The coupling to the
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3.4. Photon states

environment can be enhanced by enlarging the capacitor surface and
since it all depends in geometric properties of the circuit, it can be very
accurately engineered and manufactured.

3.3.3 λ/4 microwave cavities

Just for the sake of completeness, we have to mention a final type of
cavity that consists on a superconducting cable that is connected to
ground. Unlike figure 3.4a, one of the edges of this cavity will not be a
capacitor, but a direct connection to the ground plane that surrounds
the coplanar waveguide. This connection sets a different boundary
condition, which is that the voltage on that extreme has to become
zero

V (d) = φ̇(d) = 0. (3.24)

If we go back to the theory of photon modes, and combine this equation
with the boundary condition ∂xφ(0) = 0, we find that the appropriate
modes now read

u(n) ∝ cos
(πn

2d
x
)
. (3.25)

Therefore, fundamental mode (n = 0) now has a wavelength λ = 4d,
from where the name derives.

These type of cavities are interesting because close to the edge x = d
the current is maximal. This will be beneficial when coupling induc-
tively the cavity to other circuits, or when tuning the cavity properties
by means of tunable inductances.

3.4 Photon states

The superconducting circuit literature is rich in examples of creation,
manipulation and detection of different photon states. One of the pin-
nacles of this technology is the work by M. Hofheinz [HWA+09], where
arbitrary superpositions of up to 15 photons could be engineered and
characterized through advanced tomography and Wigner function re-
construction. In the following we summarize just a limited set of states
that have been used and which are of interest for the following discus-
sions.
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3.4.1 Single mode Fock states

The simplest configurations that can be built mathematically through
the creation and anihilation operators are few-photon states. Starting
from the vacuum, |0〉, with no photons, we build all other states

|n〉 =
a†n√
n!
|0〉 . (3.26)

Despite the mathematical simplicity of these states, and their utility in
protocols for cryptography, quantum computation and quantum simu-
lation, there are important experimental difficulties for their creation:

• Creation: A Fock state is typically created by injecting photons
one by one into the vacuum. This demands a good source of
single photons on demand, which is hard to build.

• Detection: Typical electronics measures expectation values of
the voltage and current, which are related to the quadratures
〈a+ a†〉 or 〈a− a†〉. They average to zero in these states.

• Detection: The only discriminating tool for Fock states is a
photon counter. Photon counters can be built either directly or
from photodetectors in the visible/IR/UV regime, but they do
not exist for microwaves.

3.4.2 Single mode coherent states

The next most familiar state in the line, a coherent state is a superpo-
sition of all Fock states, characterized by an average number of photons
and a phase

|α〉 =
∑
n

αn√
n!
e−|α|

2/2 |n〉 , (3.27)

a |α〉 = α |α〉 , (3.28)

〈α|n |α〉 = |α|2. (3.29)

Coherent states in the visible regime and nearby regions of the spec-
trum are hard to produce and required the invention of the laser to be
generated. Microwave coherent states, on the other hand, may be easily
generated by conventional microwave electronics, where the amplitude
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3.4. Photon states

and phase can be very precisely tuned in almost real time (picosec-
onds). Moreover, if we know that we have a coherent state, it is very
easy to characterize it, as the expectation values of the two quadra-
tures, 〈a± a†〉, corresponding to voltage and intensity, provide us with
the real and imaginary parts of the coherent state variable α.

3.4.3 Thermal states

At a finite temperature T (β = 1/kBT ) we expect a Bose-Einstein
distribution of particles populating the resonator. This distribution is
obtained as

ρ =
e−βH

Z(β)
=

∞∑
n=0

e−β~ωn(1− e−β~ω) |n〉 〈n| , (3.30)

which results in an average number of photons

〈n̂〉 = 〈a†a〉 =
1

e~ω/kBT − 1
. (3.31)

In actual experiments we expect to work with frequencies of ω from 1 to
10 GHz, typically, because that is a comfortable range for convetional
electronics. If we recall that ~×20GHz ' kB×1K, this means that for
an experimental range of temperatures from T ' 10mK, the average
population of photons ranges between 0.006 and 10−44. In other words,
from all practical points of view, for this range of frequencies cavities
and lines can be assumed to be very close to a perfect vacuum.

Can we “engineer” thermal states? Having a resistive element in
the circuit will amount to having a thermal environment with which
the line may interact and, if this element is not too close to our chip,
one can conceivably warm it with suitable currents to generate thermal
radiation. If we do not want to warm up the resistance and thus the
chip, we can inject that radiation from outside the experiment, much
like ordinary fields are injected to control qubits and lines.

3.4.4 Gaussian states

Coherent states and thermal states are two representatives of a larger
family of states, the so called Gaussian states [WPGP+12], which have
the property that they can be characterized by the first and second
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moments of the Fock operators, {〈an〉 , 〈a†n〉 , 〈a†nam〉 , 〈anam〉}, with all
other expectation values being derived through Wick’s theorem.

As in the case of coherent states, Gaussian states have the advantage
that they can be created through linear transformations or quadratic
Hamiltonians (i.e. Hamiltonians that only contain up to even powers
of charge and flux, and no nonlinearities) starting from coherent states.
Moreover, they can also be fully understood through the measurement
of first and second order moments, a feat that is possible with current
electronics.

From a mathematical point of view, Gaussian states are also con-
venient because their entanglement properties can be fully obtained
from the covariance matrix. If we introduce a vector of position and
momenta,

qn = bn + b†n, pn = i(b†n − bn), (3.32)

and join them in a single vector, x = (q1, p1, . . . , qN , pN ), the state is
fully determined by the first moment x̄ and the covariance matrix, γ,

x̄ = 〈x〉 = Tr(xρ), (3.33)

γij =
1

2
〈xixj + xjxi〉 − 〈xi〉 〈xj〉 . (3.34)

3.4.5 Two-mode squeezed states

The two-mode squeezed state is a particular instance of a Gaussian
state with two bosonic modes that are entangled [LKOH+05]. In order
to have entanglement between two modes, these have to interact for
a period of time. We can extract the entangling part of the evolution
into a unitary that involves both modes

U = exp

[
1

2
(εb†jb

†
i − ε

∗bibj)

]
, (3.35)

where ε = rei2ϕ parameterizes the amount, r, and the phase of the
squeezing.

A particular example of this state is the two-mode squeezed thermal
state, which arises from applying a squeezing operation onto a state
with n1 and n2 photons on each mode

ρ(n1, n2, ε) = U(ε)(ρn1
⊗ ρn2

)U(ε)†. (3.36)
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This state is characterized by a particular form of the covariance matrix
which, up to simplectic local transformations reads

γ2sq =


a 0 c 0

0 a 0 −c
c 0 b 0

0 −c 0 b

 , (3.37)

with the parameters (ϕ = 0)

a = n1 cosh(r)2 + n2 sinh(r)2 +
1

2
cosh(2r) (3.38)

b = n2 cosh(r)2 + n1 sinh(r)2 +
1

2
cosh(2r) (3.39)

c = (n1 + n2 + 1)
1

2
sinh(2r). (3.40)

Instead of studying how states are transformed by this operation,
we can study its effect on the observables. This is given by the trans-
formation

c1 = µb1 + νb†2 (= Ub1U†), (3.41)

c2 = µb2 + νb†1, (3.42)

with the squeezing parameters µ = cosh(r) and ν = eiϕ sinh(r). The
mixing of modes is a form of correlation that can make the quantum un-
certainty of a linear combination of the two modes be smaller than that
of the individual modes. More precisely, introducing the observables

x±(φ) =
1

2
√

2
(b1 + b2)eiφ + H.c., (3.43)

and assuming that the squeezing acts on the vacuum state, we find that
the variance of this operator is

∆x±(φ) =
1

4
[cosh(2r)− sinh(2r) sin(φ− ϕ)]. (3.44)

The maxima and minima of this are 1
4e
±2r, and are, respectively,

smaller and larger than ∆xi = 1/4.
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3.4.6 Transmission line vacuum state

We close this section by studying the ground state of a transmission
line. As in the case of the LC resonator, the lowest energy state is
obtained by setting all modes to a vacuum. In other words the line
vacuum

|Ω〉 =
⊗
k

|0k〉 (3.45)

and it satisfies bk |Ω〉 = 0 for all modes.
Note however that the ground state condition is set in frequency or

momentum space, the space of quantum numbers that characterize the
different photon states. In real space, the field operators φ(x) and ρ(x)
do not have well defined values and |Ω〉 is not even an eigenstate of
these operators. This is obvious when inspecting the mode expansion
(3.17), where the operators ρ and q are shown to be linear combinations
of bn and b†n.

There are however deeper implications of the vacuum structure.
The Hamiltonian that describes the line arises from a chain of coupled
oscillators and this coupling is capable of correlating distant points, cre-
ating entanglement already in this seemingling innocent state. Equa-
tion (3.17) also supports this point. If we compute the correlation
between flux operators we obtain

〈φ(x)φ(y)〉 − 〈φ(x)〉 〈φ(y)〉 =
∑
k

~eik(x−y)

2c0∆xωk
〈bkb†k〉 , (3.46)

an expression divergent both in the infrared and ultraviolet limit1 The
effect of these vacuum fluctuations between different points in time and
space in the 1D line can be used to probe deep results from quantum
field theory and causality.

3.5 Control of photons

3.5.1 Enegy injection

We start by considering how to insert energy in and out of the mi-
crowave resonators, moving them away from their equilibrium configu-

1Infrared because the denominator approaches zero for k = 0, and ultraviolet
because the fraction is proportional to 1/n for |n| = 1, . . . , N/2 and the sum diverges
logarithmically with the discretization size.
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ration, which is the vacuum state. Normally we will have a setup like
the one in figure 3.4, where the transmission line forms a cavity and is
prolongued, through a capacitor [Node B] to a line that connects with
some signal generators and detectors.

The Hamiltonian that describes this configuration reads more or
less as follows

H = ~ωa†a+ ~(Ω∗(t)a+ Ω(t)a†), (3.47)

where ~ω is the mode that interests us and Ω(t) is groups the external
field times the coupling to the antenna that feeds the cavity.

There are two possibilities to the previous model. If Ω is a static
field, the Hamiltonian can be diagonalized by displacing the field op-
erators a → a + Ω/ω. This implies that the ground state is now a
displaced vacuum state, a coherent state with ampliude |Ω/ω〉.

The static field approach can be quite inefficient, as we need large
coupling strengths or large field amplitudes. If our cavity is weakly
coupled to the environment, so as to increase the lifetime of photons,
then |Ω/ω| � 1. In this case it is more convenient to use a resonant
time-dependent driving, Ω(t) ' Ω0 exp(−iωt). Moving to a rotating
frame, we can write the actual state |ψ〉 = exp(−iωt) |ξ〉, where the
state ξ evolves with the Hamiltonian Heff = Ω0a

†+ Ω∗0a. After a time
t, the resulting state is again a displaced vacuum, but the displacement
is arbitrarily large, |Ω0t〉.

3.5.2 Losses

The same way that energy may creep into the resonator through an-
tennas, it may also leak out. A proper model for the cavity is given by
the master equation [cf. §A.5]

∂tρ = −i[Ω0a
† + Ω∗0a, ρ] +

κ

2
(2aρa† − a†aρ− ρa†a). (3.48)

The losses rate κ, as mentioned before, is related to the coupling
with the outgoing transmission line and the density of states in the line
at the frequency of the cavity, ω. Experiments typically make this rate
κ small, around MHz, so that leakage of photons from the cavity is the
slowest process in the experiment. Under these conditions the relative
linewidth of the cavity will be very small, leading to a large quality
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d (Φ)

δ l(Φ)

Figure 3.5: A λ/2 resonator with a SQUID becomes akin to a tunable
cavity. The localized inductance due to the SQUID depends on the
external flux; it behaves as an additional length added to the cavity. In
solid and dashed we plot the modes with and without the perturbation
induced by the SQUID.

factor, Q = ω/κ, which can be as large as 106 –one million oscillations
of the photon before it is lost!

The losses of the cavity have also another side effect: when applying
the resonant driving Ω0 above, the cavity vacuum is no longer displaced
to arbitrarily large values. Instead the displacement of the field evolves
as

d

dt
〈a〉 = −iΩ0 −

κ

2
〈a〉 , (3.49)

which converges to

〈a〉 (t→∞) =
2iΩ0

κ
. (3.50)

3.5.3 Cavity tuning

Superconducting resonators have an attractive feature that in the opti-
cal regime is harder to achieve: the resonator frequency can be tuned by
a rather large amount, both statically and in a time-dependent fashion.
The trick is achieved by means of a circuit that was studied in 2.2.5. A
parallel combination of identical Josephson junctions behaves as a small
circuit with an inductance that is proportional to the flux: more pre-
cisely, 1/δL ∝ 4EJ cos(Φ0/2ϕ0). This localized change of inductance
is like a localized change of the speed of light or index of refraction for
visible light, resulting in a change of the optical length of the cavity.

This way of tuning microwave cavities has an important advantage
over optical cavities; namely, the frequency of the cavity can be tuned
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faster than the frequency of the photons themselves [SWP+08]. This
allows simulating physical processes in which the mirrors of a cavity
move at a speed close to the speed of light, what is known as the
Casimir effect [WJP+11]. But even below this regime, modulating the
frequency of the cavity can also be used to implement other devices,
such as parametric amplifiers and photon entanglers.
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Chapter 4

Superconducting qubits

4.1 Introduction

The term qubit stems from the combination of words quantum and bit
and denotes a physical system where a two-dimensional Hilbert space
can be embedded and faithfully represented and manipulated. In plain
words, this means that we can control the system not only to be in
one of two orthogonal states, which we label |0〉 and |1〉, but in any
superposition with arbitrary coefficients, α |0〉+β |1〉, that are complex,
α, β ∈ C and properly normalized, |α|2 + |β|2 = 1.

The quantum bit is the basic unit of quantum information and it
is also the building block of other devices, such as cryptographic pro-
tocols, quantum algorithms and computers or quantum memories. A
quantum computer is nothing but a device that is capable of imple-
menting arbitrary unitary transformations on a set of quantum bits,
as well as preparing and measuring their individual state. In order
to perform this, we need a set of ingredients that are put forward in
DiVincenzo’s list of requirements for a quantum computer [DiV95]

1. Perfectly distinguishable quantum bits.
Ideally this implies a physical system with two states. In practice
we typically use the two lowest energy eigenstates of a physi-
cal system, ensuring that transitions to other excited states are
suppressed, either because the energy difference to those states
is large, or because of some conservation rule that forbid such
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transitions.

2. A procedure to set the qubits to a given, zero state.
Sometimes this is done by ordinary cooling, but it is preferable to
have some mechanism (optical pumping, spontaneous emission)
to force the qubit to some initial state.

3. An apparatus that measures the state of the qubits in some basis.
Sometimes this is not a real apparatus, but some mechanism,
such as resonance fluorescence, or the action of the qubit on some
passing laser beam, that identifies uniquely the state of the qubit.

4. Arbitrary local operations on each qubit

Ui(~v) = exp(−i~v · ~σ)

5. At least one universal quantum gate on each pair of qubits
Examples of such gates are the CNOT and the CPhase

UPhaseij = exp
[
i
π

4
(σzi − 1)(σzj − 1)

]
Note that such entangling gates can only be produced by means
of some interaction between the qubits.

6. Sufficiently small decoherence or errors during the previous oper-
ations, so that error correction may be implemented.

In this section we are going to discuss how points 1-4 of the previous
list are implemented using superconducting circuits. The history of
superconducting qubits is a rather long one and predates the most
recent ideas of quantum information. The notion of a charge qubit
is younger than the ideas of a superconducting island, quantum dots
or single-electron transistors. In these notes we do not attempt to
track that history but rather to provide the most elementary notions
needed to understand the state-of-the-art in the field, perhaps with a
strong bias towards the most recent designs and developments. Hence,
while there are many experiments in superconducting islands or many
implementations of flux-based or phase-based qubits, we will focus on
those that are most commonly used nowadays.
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4.2 Charge qubit

A charge qubit is a simple superconducting island that is connected to
a charge reservoir through a tunneling elmement, such as a Josephson
junction. This element allows charge to enter and exit the island, and
the small size of the island restricts itself, through Coulomb blockade,
the amount of excess charge that can populate it.

A picture of such a device is shown in figure 4.1a, together with the
equivalent circuit that was already analized in §2.2.3. The novelty in
figure 4.1 is two parallel junctions that couple the island to the ground
plane, and which enclose a small region through which some magnetic
flux is threaded. As it was explained in §2.2.5, the parallel-junction
circuit or DC-SQUID behaves in practice as a single junction with a
tunable inductance. This means that we can implement the charge-
qubit Hamiltonian

H =
1

2CΣ
(q − qg)2 − EJ cos(φ/ϕ0). (4.1)

using an equivalent circuit 4.1b where EJ is tunable.
The charge qubit Hamiltonian (4.1) contains a capacitive and an

inductive energy. The eigenstates of the first term are the eigenstates
of the charge operator

q |n〉 = 2en |n〉 , n ∈ Z. (4.2)

They are defined in terms of the excess or defect of Cooper pairs, n
relative to the neutral configuration, n = 0. The energy of each state
is therefore

En =
2e2

CΣ
(n− ng)2 = 4EC(n− ng)2, (4.3)

a function of the charging energy

EC =
e2

2CΣ
(4.4)

and of an equilibrium charge, ng, that depends linearly on the external
or gate potential V in figure 4.1b.

The parabolic dependence of the capacitive energy, together with
the gate voltage, are almost sufficient to define a qubit. As shown in
figure 4.2, around ng = 1

2 , the states |0〉 and |1〉 are almost degenerate
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C J
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Figure 4.1: (a) Superconducting island coupled to the ground plane
through two Josephson junctions, one of which is shown in a zoomed
picture. Pictures courtesy of Andreas Wallraff, ETH, Zurich. (b) Re-
minder of the equivalent circuit discussed in §2.2.3. Note that the two
junctions add up to a single effective junction with a variable nonlinear
inductance that depends on the flux Φ enclosed by the loop.

and well separated from all other charge states. This makes it possi-
ble to experimentally distinguish those states and, hopefully, to also
address and induce transitions among them.

However, to induce such transitions we need need an element that
may change the number of Cooper pairs, introducing quantum fluctu-
ations. In our model this is achieved by the Josephson junction, which
allows pairs to tunnel in and out of the superconducting island, and
whose nonlinear energy functional admits a simple representation in
the number basis describing those hopping processes §A.1

cos(φ/ϕ0) =
1

2

∑
n

(|n+ 1〉 〈n|+ |n〉 〈n+ 1|) . (4.5)

If we restrict ourselves to the lowest energy levels |0〉 and |1〉, we can
write an effective Hamiltonian that includes deviations from the degen-
eracy point and the minimum energy gap, ∆,

ε = 8EC

(
ng −

1

2

)
, (4.6)

∆ = EJ(Φ), (4.7)
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Figure 4.2: Energy levels of the charge qubit without Josephson junc-
tion (dashed) and with the tunnelling amplitude EJ ' 0.1EC (solid).
At zero voltage the lowest eigenstates are |0〉 and |1〉. At ng = 1/2,
both states become almost degenerate but the tunnelling create new
eigenstates that are superpositions of the former |±〉 = 1√

2
(|0〉 ± |1〉)..

obtaining the model

H =
ε

2
σz +

∆

2
σx. (4.8)

Here the flip operator σx = |1〉 〈0|+ |0〉 〈1| replaces the cos(φ/ϕ0) tun-
neling term and σz = |1〉 〈1| − |0〉 〈0| does the same with the energy
shift induced by the external potential, ng.

The degeneracy of states 0 and 1 is broken at the symmetry or
degeneracy point, ε = 0. At this point, the true eigenstates are the
superposition |±〉 ∝ |0〉 ± |1〉, the |−〉 being the ground state. We can
control the gap between these states, EJ(Φ), through the external flux,
and we can move away from the symmetry point ε = 0 by applying
an external potential. This so called degeneracy point or ε = 0 is
an important operation point, because the energy gap of the qubit
eigenstates,

∆E =
√
ε2 + ∆2 ' O(ε2) (4.9)

depends only quadratically in ε around the symmetry point. In other
words, fluctuations of the electromagnetic field applied onto the charge
qubit only enter to second order in this formula

∆E(εnoise) = ∆E(ε = 0) +
1

2∆
ε2noise + . . . (4.10)
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Figure 4.3: (a) Photograph of an RF-squid with two loops, sitting close
to a DC-squid which is used for readout. (b) Equivalent circuit of the
RF-squid. Picture (a) extracted from [BLP+07].

This is an important realization that allowed experiments with charge
qubits to improve significantly their operation time, by keeping the
qubit as close to the degeneracy point as possible while doing nothing
with it.

Finally, we must remark that the Hamiltonian (4.8) is complete in
the sense that it allows implementing arbitrary unitary operations in
the qubit. By switching on an off the σz and σx term, and composing
operators, we can perform any rotation in the qubit space with at most
two steps.

4.3 Flux qubit

The charge qubit is defined in terms of eigenstates of the charge op-
erator. The flux qubits are, on the other hand, engineered to have as
qubit states two eigenstates of the inductive part of the Hamiltonian.
The result is, typically, that states |0〉 and |1〉 are associated to two su-
percurrent states rotating without dissipation along a superconducting
loop. In order to establish these supercurrents, we play with the quan-
tisation relation (2.1), tuning the flux that is enclosed in the loop so
that frustration induces two or degenerate configurations of the branch
fluxes, a situation that typically corresponds with having permanent
currents on the loop.
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4.3.1 RF-squid qubit

The oldest flux qubit consists on a single junction on one side of a
loop. The circuit shown in figure 4.3b shows how the flux enclosed in
the loop conditions the joint state of the nonlinear inductor and the
linear inductor that shunts it. The Hamiltonian for the RF-squid was
deduced in §2.2.4

H ' 1

2CJ
q2 +

1

2L
φ2 + EJ cos

[
1

ϕ0
(φ+ Φ)

]
. (4.11)

Unlike with the charge qubit, we will now focus on the flux/phase
variable, interpreting the previous model as the Hamiltonian for a po-
tential that moves along the coordinate φ, with a potential Eind(φ)
formed by the linear and nonlinear inductive elements, and with a ki-
netic energy where CJ plays the role of a mass.

The resulting landscape is summarised in figure 4.4 for two values
of the external flux. When there is no magnetic field passing through
the loop, the potential has a single absolute minimum at zero flux,
φ = 0. In this case the ground state has no charge and also no currents
associated to it. However, if we switch on the external flux and move
towards a point of “frustration”, that is Φ/ϕ0 = π, then the inductive
energy develops two absolute minima sitting inside two potential wells.
For large enough quantum fluctuations, which in this case are driven
by having a small enough mass CJ , the state of the squid is free to
tunnel between the two minima, creating two degenerate ground states
that can form a qubit.

The RF-squid has a long history that predates its uses for quantum
information processing [CB04]. The circuit itself was designed as a mag-
netometer [SZ67], and it was later on identified as a qubit candidate
due to its well defined eigenstates in the quantum regime. The RF-
squid is a qubit that is still used in various groups, including the latest
D-Wave designs, where its rather large size is an advantage: stretch-
ing the superconducting loops [HBJ+07], a single qubit may overlap
with several others, creating interactions that are useful for adiabatic
quantum computation. However, the size itself can also be a problem,
because the qubit becomes more sensitive to stray magnetic fields and
has a shorter lifetime under similar conditions to other qubits.
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Figure 4.4: Energy levels of the RF-squid for (a) zero external flux
and (b) half quantum, Φ = Φ0/2. Note that the latter supports two
balanced potential wells.

4.3.2 (Three-junction) Flux qubit

The flux qubit based on three (or four junctions) is a more modern
design that is currently then one understood when one talks about
a “flux qubit”. Introduced in [MOL+99] and experimentally demon-
strated in [vdWtHW+00], the persistent current flux qubit consists of
several Josephson junctions that are serially connected forming a loop,
as shown in figure 4.5a. Threading the loop with a magnetic flux we
once more achieve frustration and a degenerate ground state whose
degeneracy is only broken by quantum fluctuations. The advantage,
though, is that now the multiwell structure is achieved only through
Josephson junctions, without additional inductors, and it may there-
fore be much smaller (of a few micrometer size, to be compared with
figure 4.3).

The circuit associated to the persistent current flux qubit was al-
ready derived in §2.2.6. The effective Hamiltonian has the form

H =
1

2(1/2 + α)CJ
q2
+ +

1

2CJ
q2
− + EJV (φ−, φ+) (4.12)

with a nonlinear potential

V (φ−, φ+) = αEJ cos

(
Φ− φ+

ϕ0

)
− 2EJ cos

(
φ+

2ϕ0

)
cos

(
φ−
2ϕ0

)
,

(4.13)
that combines sinusoidal functions with different periodicity, with a
shape shown in figure 4.6.
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b)a)
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αC J ,
α EJ

CJ , EJ

Figure 4.5: (a) Three junction flux qubit, reproduced from [CW08].
(b) Equivalent circuit of the RF-squid. Picture (a) extracted from
[BLP+07].

For a fixed external flux Φ, the minimal energy of the nonlinear
potential is achieved for φ1 = φ2 or φ− = 0, because it is at this point
that the second term in V is minimal. Note how the interplay between
the cosine term that contains Φ, which is rapidly oscillating and has
minima at φ+ = Φ + nπϕ0, and the confining cos(φ+/2ϕ0), which
achieves a minimum at φ+ = 0. As shown in figure 4.6d, for an external
flux Φ/ϕ0 = π, the total potential develops two potential minima that
are identical and shallow enough to allow tunneling between them.

It is not very hard to diagonalize the Hamiltonian for the 3-junction
flux qubit using the number basis. In the regime in which the two po-
tential wells are degenerate, Φ/ϕ0 ' π, the two lowest energy states
of the Hamiltonian, which we call |0〉 and |1〉1 may become close to-
gether and separated from the rest of the spectrum [cf. Figure 4.7a].
This only happens for a limited range of sizes of the small junction,
α ∈ (0.6, 1.0). As shown in figure 4.7b, if the third junction is too
small, the third energy level may end up too close to the first level,
that is E2 − E1 ' E1 − E0. This is not desirable, because if this hap-
pens we cannot excite transitions between levels |0〉 and |1〉 without
having some leakage to level |2〉 and higher. In other words, we no
longer have a functional qubit.

Despite the appearance that the gap to the rest of the spectrum,
E2 − E0,1 grows arbitrarily with α, it is also not desirable to have a
large α. To understand this we have to write down the Hamiltonian of

1Note that here the “0” and “1” are just labels and do not relate to the number
of Cooper pairs
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Figure 4.6: Nonlinear inductive potential (4.13) with (a) α = 0.9 and
no external flux and with (b) α = 0.9 and Φ/ϕ0 = π, together with the
respective cuts along φ1 = φ2 = ϕ0 × ϕ (c-d).

the flux qubit around the degeneracy point Φ = πϕ0. Introducing the
external flux shift and tunneling gap

ε ∝ Φ− πϕ0 (4.14)

∆ = E1 − E0, (4.15)

and defining the basis states |L〉 and |R〉, we recover the same Hamilto-
nian as in the charge-qubit case (4.8). This has two consequences: first
of all, if α ≥ 1 and the gap ∆ becomes almost zero, we lose one of the
two operators in H that we need to generate all the unitary rotations
of a qubit. Second, if ∆ is very small, the sensitivity of the qubit to
fluctuations of the magnetic field, increases. Thus, as in the case of the
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Figure 4.7: (a) Energy levels of the 3-junction flux qubit with
anisotropy α = 0.7. (b) Energy gap between the ”qubit” states E1−E0

and also between the first and second excited states, E2−E1, as a func-
tion of the anisotropy, for Φ = πϕ0.

charge qubit, it is important to keep as close to the degeneracy point
as possible.

Finally, note that the actual eigenstates of the qubit are superposi-
tions of supercurrents rotating clock- and anti-clockwise (|R〉 and |L〉,
respectively). This is qualitative different from the charge qubit, where
the difference was only in a single particle, an extra Cooper pair that
enters of leaves the island. In the flux qubit, on the other hand, there
exists a current that involves a macroscopic number of pairs with dif-
ferent states depending on the energy and applied flux [vdWtHW+00].

4.4 Transmon qubit

Initial experiments with charge qubits revealed their sensitivity to elec-
tromagnetic field fluctuations and charge noise, leading to very low
lifetimes. This situation was improved in the seminal work by Wallraff
and coworkers [WSB+04], where the Purcell effect was used to enhance
both the coupling to the electromagnetic field and the qubit lifetime2.
Under the conditions of relative isolation provided by the cavity, operat-

2The Purcell effect is an enhancement of the coupling of a few-level atom to a
few selected frequencies. This enhancement decreases the relative importance of
other decay channels and noise. In the optical regime the Purcell effect is achieved
by creating either Fabry-Perot cavities from pairs of mirrors, or through whispering
gallery modes. In circuit-QED this is done using LC-resonators and microwave
cavities, as explained later §6.
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Figure 4.8: (a) Fotograph of a transmon qubit. It consists of a pair of
Josephson junctions formin a DC-SQUID configuration, shunted by a
large capacitor with interdigitated fingers. (b) Also a transmon, but a
different design and location of the junction. (c) Reminder of the equiv-
alent circuit. Fotographs courtesy of Andreas Wallraff, ETH, Zurich.

ing the qubit close to the symmetry point helped in achieving lifetimes
of γ1/2π = 0.7MHz or 1.4µs, a very reduced spontaneous emission rate
but with a very short dephasing time.

In 2007 the Yale group realized that the coupling to the environ-
ment could be decreased while still preserving the anharmonicity of the
circuit [KYG+07]. If we have a look at the charge qubit Hamiltonian

H ' 1

2CΣ
q2 − Cg

C2
Σ

qV +
1

2

EJ
ϕ2

0

φ2 −+
1

2

EJ
ϕ4

0

φ4 (4.16)

the charge qubit can be seen as a harmonic oscillator, with an an-
harmonic term that is proportional to EJ and a coupling to the en-
vironment that is inversely proportional to CΣ. Thereby, decreasing
the ratio EC/EJ would amount to decreasing the relative strength of
the coupling to the environment, without compromising too much the
anharmonicity3.

3Understood as the separation of the qubit states from the upper energy states
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Figure 4.9: (a) Energy levels of a transmon qubit with EJ/EC = 15,
plotted together with the originating potential EJ cos(ϕ). (b) Associ-
ated eigenfunctions.

The result of this idea is shown in figure 4.9a-b, and consists of a
large capacitor that shunts a Josephson junction. The equivalent circuit
is the same as that of the charge qubit. Moreover, the coupling to the
microwave photons happens mainly through the electric dipole moment
of the qubit, as in the superconducting island. However, the large
capacitance, acting as an increased effective mass of the qubit induces
the desired effect and the dephasing time grows one order of magnitude
with respect to the original experiments [SHK+08]. Since then, it has
become possible to improve the quality and even increase the size of
transmon qubits, working with 3D setups to achieve lifetimes of the
order of 0.1ms. The simplicity of the design and the reproducibility of
the qubit properties, with less than 5% fluctuations due to fabrication
errors, makes this one of the most used qubits in nowadays experiments.

Using the tools from appendix §A.2 it is possible to compute the
eigenenergies of the transmon qubit for different ratios of EJ/EC . In
figure 4.9 we plot the energy levels and the even and odd eigenfunctions
corresponding to those energies for a ratio EJ/EC = 15, which is close
to the typical experimental values and has been chose only to make the
representation more clear. As explained in [KYG+07], the effect of 1/f
charge noise decreases exponentially with the ratio EJ/EC , but this
comes at a price: increasing EJ/EC causes the energy level to be less
and less anharmonic. As shown in figure 4.9b, the energy difference
between the second and third levels, ω12 = E2 − E1 becomes very
similar to ω01. This means that it becomes experimentally hard to
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excite transitions between the qubit levels without inducing additional
transitions to at least the second state. There is thus a compromise
between the experimental ability to address different transitions and
the need to decrease charge noise.

Typical experimental values for a 2D transmon (one fabricated on a
chip) move around a ratio EJ/EC ' 50, with qubit frequencies ω01 '
6− 8 GHz, and a difference δω = ω01 − ω12 ' 400 MHz, which is quite
large and can be experimentally resolved with current electronics. The
anharmonicity δω sets also a limit in the speed at which the qubit can
be manipulated: if we send microwave pulses that are shorter than
2π/δω, the pulse will be broader than δω in frequency spectrum, being
able to excite both the |0〉 → |1〉 and the |1〉 → |2〉 transition.

An added value of the transmon, besides its good qubit properties,
is the fact that we have extra levels to manipulate, store information
and do quantum operations. There are many experiments where the
transmon is no longer operated as a qubit, but as a three-level sys-
tem (qutrit), profiting from the higher level transitions to induce in-
teractions between photons at frequencies ω01 and ω12, the so called
cross-Kerr interactions [HKP+13].

4.5 Qubit control

4.5.1 Single-qubit operations

Irrespective of the superconducting qubit we are working with, they
all can be reduced, in the the two-level approximation, to an effective
Hamiltonian with two control parameters

Hqb =
~∆

2
σz +

~ε
2
σx. (4.17)

At the degeneracy point, ε = 0, the qubit gap is minimal and given by
the frequency ∆. This is the customary working point for the charge,
flux and transmon qubits, as mentioned before. Evolution at this point
simply adds phases to the qubit states

U(t; ∆, 0) = e−i∆t/2 |0〉 〈0|+ ei∆t/2 |1〉 〈1| . (4.18)

Applying a large and uniform external field we can temporarily
change the qubit Hamiltonian into something of the form ~ε0σx/2,
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where ∆ � ε0 allows us to neglect the gap. Such pulses induce an
approximate evolution

U(t; 0, ε0) = e−iε0σ
xt/2 =

(
cos(ε0t/2) −i sin(ε0t)

−i sin(ε0t/2) cos(ε0t)

)
. (4.19)

This unitary operation exchanges population between the |0〉 and |1〉
states coherently, rotating the state of the qubit.

In general we do not need to use a very large field to achieve this
effect. An alternative is to use a time dependent field

ε(t) = Ω cos(ω0t+ ϕ). (4.20)

To analyze this control, we rotate the Hamiltonian on a frame that
moves at frequency ω0, with the unitary U = exp(−iω0tσ

z/2). The
original state can be written |ψ(t)〉 = U(t) |ξ(t)〉, where ξ evolves with
the effective Hamiltonian

Heff = U†HU − iU−1U̇ (4.21)

=
~(∆− ω0)

2
+

~Ω

4

(
eiϕσ+ + ei2ω0t+iϕσ+H.c.

)
.

The last term evolves with a very fast frequency, 2ω0, and if we tune
the drive to become resonant with the two-level transition ω0 = ∆,
it can be neglected. The overall effect is that, in this rotating frame
we achieve an interlevel transition, similar to 4.19. It is not hard to
see that for a proper tuning of the laser, ϕ = −t/ω0, or adiabatically
switching on and off the pulses, the combined operation

Utot = U(t;ω0)†e−iHeff tU(t;ω0) ' U(t; 0,Ω/2). (4.22)

4.5.2 Dephasing (T2)

One of the most basic sources of errors in any qubit is dephasing. From
the point of view of states, dephasing is a scrambling of the relative
phase between different by which coherences are detroyed. Physically,
dephasing may be attributed to a perturbation of the qubit Hamiltonian
that randomly changes the energies of the |0〉 and |1〉 states, that is
H → H + δextσ

z. When these fluctuations accumulate in time, the
only effect they have shows up in the coherences of the density matrix,
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ρ01 = 〈0| ρ |1〉 = ρ∗10, which decay exponentially due to such fluctuations

ρ(t) =

(
ρ11 e−t/T2ρ10

ρ01e
−t/T2 ρ00

)
, (4.23)

with a time scale known as T2 or dephasing time.
To understand why this happens, we have to realize that, due to

the randomness of the unknown fluctuating perturbations, the physi-
cal state has to be represented as an statistical average over different
realizations of that noise. In other words, the qubit state is a den-
sity matrix that is transformed in time according to a mathematical
operation known as quantum channel or positive map

ε(ρ; t) =

∫ π

−π
eiϕσ

z

ρe−iϕσ
z

p(ϕ; t)dϕ (4.24)

In this channel, the initial state ρ is randomly perturbed by the evolu-
tion with a random phase, ϕ, whose distribution p(ϕ; t) changes through
time. Typically p(ϕ; t) will be centered around 0 and broaden linearly
in time, so that the final state may be described by the effective map

ε(ρ; t) =
1

2
+

1

2
tr(σzρ)σz +

1

2
e−t/T2 [tr(σxρ)σx + tr(σyρ)σy], (4.25)

or in a more “visual” form from (4.23). Finally, let us note that dephas-
ing may also be treated, under some limits, using the master equation
[§A.5]

d

dt
ρ = γ2(σzρσz − ρ), (4.26)

where γ2 = 1/T2 is the associated decoherence rate.
Dephasing happens in superconducting circuits due to many differ-

ent reasons. A very obvious one is the large number of control lines that
have to be used to stabilize and measure the states of qubits and cavi-
ties. Those lines, and other surrounding controls, may carry fluctuating
electromagnetic fields that change the potentials and fluxes experienced
by the superconducting qubits, thereby changing the energy levels of
the qubit without actually inducing transitions.

Another source of dephasing can be due to electromagnetic charges
that are trapped in the substrate on top of which the chip is built.
These charges typically behave as two-level systems that fluctuate very
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Chapter 4. Superconducting qubits

slowly and which, in the best of cases, also modify the electromagnetic
environment that is seen by the qubits, both between experiments and
also within the same experiment (slow 1/f noise).

Dephasing is not a very bad type of noise. If we have good con-
trol over the qubit Hamiltonian, this noise can be strongly suppressed
through NMR control techniques. The most basic one is the so called
spin-echo, in which the state of the qubit is reversed at the middle
of the experiment, |ψ〉 → σx |ψ〉 by using one of the operations from
§4.5.1. If the electromagnetic environment of the qubit is not signifi-
cantly modified in between pulses, the total evolution may be written

ρ(δt+ δt) = e−iϕδtσxe
−iϕδtρ(0)eiϕδtσxe

iϕδt = ρ(0). (4.27)

In practice spin echo is never perfect because the energy level fluc-
tuations do not remain constant throughout the experiment and also
because there are other sources of decoherence, but it is quite often
possible to extend the lifetime of T2-limited qubits well beyond the
original T2 time.

4.5.3 Relaxation and heating (T1)

The worst type of decoherence, short of losing the qubit itself, are
relaxation, dissipation or heating. In any of these cases the populations
of qubit states, together with their coherences, are destroyed, and the
density matrix of our circuit converges to some statistical mixture of
|0〉 and |1〉. All these process can be treated uniformly through a single
master equation

d

dt
ρ = [n(∆) + 1]

γ

2

(
2σ−ρσ+ − σ+σ−ρ− ρσ+σ−

)
(4.28)

= n(∆)
γ

2

(
2σ+ρσ− − σ−σ+ρ− ρσ−σ+

)
.

In this equation, the first line contains processes that map ρ to |0〉 〈0|,
the so called relaxation or cooling, while the second line contains pro-
cesses that heat the qubit, ρ→ |1〉 〈1|.

If the environment is in a more or less perfect electromagnetic
vacuum4, which at our cryogenic temperatures is approximately true,

4Except, of course, for the fluctuating charges and other stray fields that pop up
along the experiment.
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4.5. Qubit control

n(∆) ' 0, and deceoherence is pure relaxation, with an evolution

ρ(t) =

(
ρ11e

−t/T1 e−t/2T1ρ10

ρ01e
−t/2T1 ρ00 + (1− et/T1)ρ11

)
, (4.29)

In this equation there is a typical timescale T1 = 1/γ that is associated
to the change in populations, and a longer time scale, known as T2 =
2T1 which is associated to the loss of coherences –in other words, these
processes have an implicit dephasing built-in.

Relaxation has always been a problem for superconducting quan-
tum circuits. Among other things, two-dimensional superconducting
circuits, despite their rather dissipation-free nature, are in contact with
substrate or with open air, and they can radiate part of their energy
to those subsystems, which act as coolants and sources of dissipation.
This problem is partially solved when qubits are immersed in microwave
cavities. In this situation, the coupling to the cavity modes is orders
of magnitude stronger than the coupling to the environment, and dis-
sipation become less relevant. Nowadays, with the advent of 3D mi-
crowave cavities, which provide almost perfect isolation for the qubits,
it becomes possible to observe qubit lifetimes around 100µs. Assuming
qubit operation rates of 100MHz, this is a very long lifetime, that allows
for 10.000 operations before losses kick in. And even better lifetimes
are expected in the near future.
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1D microwave photonics

In this chapter we study the interaction between superconducting qubits
and photons that propagate in an infinite transmission line. This setup
mimics a new generation of experiments that study the resonances of
the qubit through the transmission and reflection coefficients of the inci-
dent photons. It also opens the door to the development of both theory
and experiments for 1D photonics in regimes of very strong light-matter
interaction, a topic that has interest not only in the superconducting
circuit community, but in the larger world of nanophotonics and plas-
monics.

5.1 Qubit-line interaction

5.1.1 Spin-boson Hamiltonian

We start introducing a rather conventional interaction between the
qubit and the transmission line, assuming the linear limit that was
used in earlier chapters. Roughly, we assume that charge and trans-
mon qubits couple capacitively to the line, through some effective gate
capacitance, Cg, such that the Hamiltonian acquires a term [cf. §2.2.3]

Hint = Q
V (x)

Cg
, (5.1)

where V (x) is the voltage induced by the line at the position x of the
qubit and Q is the charge operator of the qubit itself.
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5.1. Qubit-line interaction

For flux qubits the coupling is a bit more subtle: a current passing
through the line induces a magnetic field that can traverse through the
qubit superconducting loop. In doing so, the additional flux changes
the qubit energy levels [cf. §4.3.2], shifting it a small amount. We can
write the interaction

Hint = gµI(x), (5.2)

with the effective magnetic dipole of the qubit, µ, and a Landé factor
g that quantifies the mutual inductance between the line and the tiny
superconducting loop.

In both cases the coupling is linear and we ignore self-interaction
terms. Note that the charge qubit couples to voltage, V (x) = ∂tφ(x),
while in the flux qubit couples to current, I(x) = ∂xφ(x)/l0. This is
relevant because when we consider the decomposition of the field in
modes (3.17), it leads to similar formal expressions. Recalling that in
the Heisenberg picture the flux operator reads

φ(xm, t) =
∑
k

√
~

2c0ωk

(
eikxm−iωt
√
d

bk + H.c.

)
, (5.3)

and using a linear dispersion relation, ωk = v|k|, we can write the two
couplings in much the same form

Hint = σα
∑
k

(gkbk + g∗kb
†
k). (5.4)

Up to irrelevant phases that distinguish the capacitive from the induc-
tive examples, the couplings scale as

gk ' i
√

~
2c0
× ωk

d
. (5.5)

If we take together the Hamiltonian of the line, the Hamiltonian
of the qubit and their interaction, the result is a model that looks as
follows

H =
∑
k

~ωka†kak +
~∆

2
σz +

∑
k

σx(gkak + g∗ka
†
k). (5.6)

This is the so called spin-boson model [LCD+87], a paradigmatic model
in the study of dissipative systems, where the bosonic system is nor-
mally regarded as a bath or environment into which the two-level sys-
tem may lose energy and decohere.
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Chapter 5. 1D microwave photonics

5.1.2 Rotating Wave Approximation

In the limit of weak couplings, we can make two approximations. The
first one is the so called Rotating Wave Approximation, where we ne-
glect the influence of the counterrotating terms σ+a†k+σ−ak to the dy-
namics, assuming that their effect averages out very rapidly. A simple
argument for this approximation is that the Fermi golden rule predicts a
transition matrix element of order |gk/(ωk + ∆)| for these terms, which
is much smaller than the transition matrix element for the resonant
terms, σ+ak + σ−a†k, which is of order |gk/(ωk −∆)|.

Under the conditions of the RWA we simplify the qubit-line inter-
action to a generalized Jaynes-Cummings model

H =
∑
k

~ωka†kak +
~∆

2
σz +

∑
k

(gkσ
+ak + g∗ka

†
kσ
−). (5.7)

In this Hamiltonian the only allowed processes involve absorption of a
photon by a deexcited qubit or emission of a photon by an excited one.
The model therefore conserves the total number of excitations

Ne =
∑
k

a†kak +
σz + 1

2
, (5.8)

and the wavefunctions of the combined system may be substantially
simplified when there are only a small number of qubits and photons.

Once we do the RWA, we can still impose that the qubit be a small
perturbation that cannot significantly affect the bath. Assuming that
the bath remains approximately constant, quickly losing memory of the
qubit’s history, we can trace out the bosonic degrees of freedom and
study the dynamics of the qubit, which evolves according to the master
equation [cf. §??]

∂tρ = −i[Hqb, ρ] +
γ

2
(2σ−ρσ+ − σ+σ−ρ− ρσ+σ−), (5.9)

This equation describes the spontaneous emission of the qubit with a
decay rate γ = J(∆)/2 that can be traced back to the spectral function1

J(ω) = 4π
∑
k

|gk|2

~2
δ(ω − ωk). (5.10)

1The definition is chosen for notational consistency with [LCD+87], where the

coupling is 1
2
q0σx

∑
k Ckxk and J(ω) = π

2

∑
k

C2
k

mωk
δ(ω − ωk).
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5.2. Single photon scattering

5.1.3 Ohmic spin-boson model

The utility of the spectral function goes beyond providing the effective
decay rate of a few-level system under conditions of Markovianity. In-
stead, different functional dependencies of J(ω) characterize different
universality classes that have very different behavior. In particular,
the problem with a transmission line and a qubit corresponds to the
Ohmic limit of the spin boson model, where J(ω) grows linearly with
the frequency:

J(ω) = 2παω1 (5.11)

This result is obtained from the expression of the couplings (5.5). In
order to simplify the calculations, let us assume that we could take the
transmission line and cut it to form a λ/2 cavity that is resonant with
the qubit splitting, ∆

ḡ = i

√
~

2c0

∆

λ/2
= i

√
~

2c0

∆2

vπ
. (5.12)

This allows us to express the couplings of any other transmission line
with similar properties as

gk =
ḡ

∆

√
πvωk
d

. (5.13)

From there it follows

J(ω) = 4π
∑
k

vπ

L

(
|ḡ|
~∆

)2

ωkδ(ω − ωk). (5.14)

Using the fact that the spacing between frequencies is approximately
dωk = vdk = 2vπ/d, and that for each frequency there are two values
of the momentum that match it, we obtain

J(ω) = 4π

(
|ḡ|
~∆

)2 ∫
ωkδ(ω − ωk)dωk = 4π

(
|ḡ|
~∆

)2

ω, (5.15)

concluding that indeed we have the Ohmic spin-boson model with α =
2(ḡ/~∆)2.
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Chapter 5. 1D microwave photonics

Figure 5.1: An incoming photon is transported by a transmission line
towards a superconducting qubit. The qubit, absorbs the photon with
some probability, reemitting it, and with some other probability lets
is go. The destructive interference between the photon that passes by
and the reemitted photon may induce a total reflection of the signal.

5.2 Single photon scattering

In the Rotating Wave Approximation limit, in which the interaction
between the qubit and the photons conserves the number of excita-
tions, we can study a particularly simple problem that consists on the
interaction between that qubit and a wavepacket that contains a single
incoming photon. The formalism to treat this problem differs slightly
from the models above, because it is convenient to distinguish left- and
right-moving fields on both sides of the qubit [RGRS09, SF05a, SF05b].
This starts by introducing

ψR(x, t) ∝
∑
k>0

eikx−ivktak = ψR(x− vt, 0), (5.16)

ψL(x, t) ∝
∑
k>0

e−ikx−ivktak = ψL(x+ vt, 0),

which extract the respective right- and left-moving modes and evolve
as expected. Ignoring the fact that momenta are cut-off on the negative
side, we can still write an effective Hamiltonian

H =

∫ [
ψ†R(x)(−i~v∂x)ψR(x) + ψ†L(x)(+i~v∂x)ψL(x)

]
dx

+

∫
V δ(x)

[
σ+ψR(x) + σ+ψL(x) + H.c.

]
dx+

∆

2
σz. (5.17)

In this model the interaction term amounts also to an approximation by
which gk is approximately constant and independent of the frequency,
which is a good approximation for narrow enough wavepackets.
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5.2. Single photon scattering

Building on the previous effective model we can solve the dynamics
of a state that contains at most one photon, and which is described by
the wavefunction

|ψ〉 =
∑

α=R,L

∫
ξα(x, t)∗ψα(x)+ |g, 0〉+ e(t) |e, 0〉 . (5.18)

Note how this wavefunction consists of either a qubit in the ground
state, |g〉, with one moving photon, or an excited qubit in a vacuum.

The evolution equations of this problem have a particular form

i∂tξR = −iv∂xξR + δ(x)V e, (5.19)

i∂tξL = +iv∂xξL + δ(x)V e, (5.20)

i∂te = ∆e+ V [ξR(0) + ξL(0)]. (5.21)

A convenient interpretation of the first two equations shows the exis-
tence of a discontinuity in the field, caused by the signal that is injected
by the qubit, and which gives rise to the boundary conditions

ξR(0+)− ξR(0−) =
V

iv
e, ξL(0+)− ξL(0−) = −V

iv
e. (5.22)

At this point we are in a position to completely solve the problem.
The incident field is assumed to come from the left and is character-
ized by a signal a(t) = ξR(0−, t) at one side of the qubit, with the
physical restriction ξL(0+, t) = b′ = 0 that no signal is coming form
the other side. The output signals are the transmitted and reflected
sources, a′(t) = ξR(0+, t) and b(t) = ξL(0−, t), respectively. Under
these conditions the qubit dynamics becomes

e(t) = −iV
~

∫ t

−∞
e−Γ̃(t−τ)a(τ)dτ, (5.23)

with the effective decay rate Γ̃ = V 2

~v + i∆. All other fields can be
extracted from the qubit instantaneous polarization, the incident field
and the boundary condition (5.22).

When we study scattering we focus on asymptotic conditions. To
do this we can take the limit in which a, b and a′ become quasi-static.
This can be done by using a(τ) = a exp(−iωpht− ε(t− τ)) and taking
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Figure 5.2: (a) Tranmitted and reflected fraction of the photon as a
function of the dimensionless parameter −iγ. (b) Phase slip (in units
of π) of the transmitted and reflected photon, ϕT and ϕR, respectively.

the limit ε → 0+. This leads to a linear relation between scattering
coefficients(

a′

b′

)
=

(
1− 1

γ − 1
γ

1
γ 1 + 1

γ

)(
a

b

)
, with γ =

~v
V 2

i~(∆− ωph), (5.24)

defined in terms of the photon frequency ωph.
The previous linear relation relation leads to the definition of trans-

mission and reflection amplitudes

T =
γ

γ − 1
, R =

1

γ − 1
. (5.25)

Note that these coefficients are complex amplitudes. As figure 5.2
shows, the transmitted and reflected intensities are proportional to |T |2
and |R|2, with the consistency relation |T |2 + |R|2 = 1, while the phase
of the coefficients is itself the phase change experienced by those beams.
Equation (5.25) and figure 5.2a also show that there is a single reso-
nance at the frequency of the qubit ωph = ∆, at which all of the photon
is reflected and the qubit acts as a perfect mirror.

5.3 Beyond RWA

So far we have considered a subset of the interaction terms, those that
conserve the number of excitations, moving them from the photon space
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Figure 5.3: Ground state expectation value Sz = 〈σz〉 computed with
the Lang-Frirsov transformation (blue), a slight variation of it (red)
and with Matrix-Product States (yellow).

to the qubit and back. This approximation is justified when the cou-
pling strength is small enough that the ratio g/(ωk + ∆) can be ne-
glected. However, as we will see, when the relative strength of the
photon-qubit coupling and the qubit energy is above 10%, this is no
longer justified and substantial corrections appear [PZPGR13].

5.3.1 Static properties

The first correction shows up in the static properties of the qubit-line
system. While the RWA model (5.7) predicts that the ground state is
achieved by a qubit in the vacuum, the full spin boson model contains
terms that excite both photons and qubits, invalidating this picture.

A qualitative good approximation to the static properties of the
qubit in the line is given by the Lang-Frirsov transformation. This is a
unitary transformation that displaces the oscillators based on the qubit
state

U = exp[σx(fka
†
k − f

∗
kak)]. (5.26)

More precisely, U†akU = ak + fkσx. If we choose fk = gk/ωk, this
unitary can be used to transform the spin-boson Hamiltonian (5.6),
replacing the qubit-photon interaction with a renormalization of the
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qubit levels

HLF = U†HU =
~∆

2
σze−

∑
2σx(fka

†
k−f

∗
kak) +

∑
k

~ωka†kak. (5.27)

If we now adopt as a variational ansatz an arbitrary state for the qubit
and coherent states for the bosons, |ψLF 〉 = |ψqb〉 ⊗k |αk〉, the result
is that the minimal energy is achieved when all oscillator modes are
in the vacuum, αk = 0, and the qubit is the ground state |e〉, of a
renormalized Hamiltonian

Hqb =
~∆̃

2
σz, (5.28)

∆̃ = ∆e−
∑

k 4|gk|2/ω2
k ≤ ∆. (5.29)

Even if the ansatz predicts that ψLF is in the qubit ground state, the
observables in the laboratory do not correspond to those of a depolar-
ized qubit, because the actual observables have to be computed using
the inverse unitary transformation

〈σz〉 = 〈ψLF |U†σzU |ψLF 〉 = e−
∑

k 4|gk|2/ω2
k ≤ ∆. (5.30)

In other words, the entanglement between the qubit and the photons
introduced by U gives rise to a probability of the qubit being excited,
and as g → ∞, there is a phase transition to a state where the qubit
in the lab is described by a classical mixture, ρ = 1

2 (|g〉 〈g|+ |e〉 〈e|).
The previous calculations are only qualitatively correct. They can

be improved by leaving the complex numbers {fk} also as variational
parameters. In this case they match very well the result from sophisti-
cated numerical calculations based on Matrix-Product States or Den-
sity Matrix Renormalization Group [PZPGR13] —two numerical meth-
ods that can represent complex many-body wavefunctions of large one-
dimensional problems. In figure 5.3 we show the result of a calculation
with 128 modes using all these three models. Note how for very weak
coupling, of less than 10% the qubit energy, the contributions to the po-
larization are negligible and grow as g2. In this limit these corrections
obtained by considering the counterrotating terms as off-resonant con-
tributions that lead to virtual excitations of the qubit and the photons,
and treating them with second order perturbation theory.
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Figure 5.4: (a) Density of photons emitted into the transmission line
by a superconducting qubit that relaxes to the ground state. We plot
the density n(ω) as a function of the photon coupling and the intensity
of the qubit-line coupling, measured either by α [cf. §5.1.3] or the ratio
g/ω in a discretization with 128 bosonic modes [PZPGR13]. (b) Trans-
mission rate for a single photon that impacts onto the same qubit.
Note that (b) and (a) are related because spontaneous emission and
scattering are converse proceses.

5.3.2 Spontaneous emission & scattering

When studying the dynamics of photons in stronger regimes of qubit-
photon coupling we no longer have theoretical tools other than numer-
ics. In figure 5.4 we show two different types of numerical experiments
for a qubit that interact with the transmission line, as a function of the
interaction strength parameter α [cf. §5.1.3].

The first plot, figure 5.4a, shows the number of photons in each
mode of a discretized transmission line. This density of energy is com-
puted simulating the time evolution of a qubit that is initially excited
and in contact with a transmission line that contains no photons. Af-
ter a long time, the whole system relaxes to a more or less equilibrium
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Chapter 5. 1D microwave photonics

state that contains one propagating photon and a qubit that is close to
its ground state (not necessarily deexcited!). Once this has happened,

we compute all observables 〈a†kak〉 and obtain the typical frequency of
the emitted photons.

Note how the frequency of the emitted photon is, for weak cou-
plings, close to the original frequency of the qubit, ∆. As the coupling
strength increases, the qubit frequency is renormalized with a formula
that approximates (5.29), until it reaches zero at sufficiently large cou-
pling strengths. At this point the qubit is “frozen”, in the sense that
it takes an exponentially large amount of time to induce any dynam-
ics in it. In other words, the coupling terms σx(ak + a†k) dominate the
Hamiltonian and the qubit randomly collapses to one of the eigenstates
of σx, with a negligible probability to transition to the other state.

Spontaneous emission is the converse process of scattering experi-
ments. As illustrated in figure 5.1, an incoming photon that impacts on
a qubit is partially absorbed and reemitted and it is the interference be-
tween these spontaneously emitted photon and the part of the photon
that was not absorbed what determines the values of the transmission
and reflection coefficients.

This fact is particularly obvious in figure ??b, where we plot the
transmission coefficient as a function of the coupling strength and the
photon frequency. Around the same line on which the spontaneous
emission frequency peaks, the transmission T (ω) ' 0 becomes zero,
indicating the fact that the qubit becomes a perfect mirror.

So, summing up, when we move beyond the RWA regime, several
things happen: (i) the qubit always acts as a perfect mirror for a range
of frequencies; (ii) the frequency of that resonance shifts down due to
the dressing of the two-level system with a cloud of virtual photons;
(iii) in addition to shifting, the resonance broadens, with a linewidth
that can be as large as 25%∆; (iv) when the coupling is too strong, all
dynamics ceases and the qubit becomes frozen.
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Chapter 6

Circuit QED

As in AMO (Atomic and Molecular Optics), in superconducting cir-
cuits the most natural setup consists on a qubit that interacts with
a variety of propagating electromagnetic modes, in the form of probes
and control antennaes, but also the three-dimensional environment that
surrounds the chip. However, for historic reasons, the explosion of su-
perconducting quantum technologies and, to some extent, the birth
of the field as we know it, starts not only with the design of the first
qubits 1, but with a seminal experiment that studies a combined system
of a qubit embedded in a microwave cavity [WSB+04]. The use of the
cavity not only improved the lifetime of the qubit, due to the Purcell
effect, but opened the door to a new experimental area, circuit-QED,
in which microwave cavities and artificial atoms achieve what had been
tried before with real atoms and optical cavities, cavity-QED.

In this chapter we review the setups and ideas behind circuit-QED,
together with the main achievements and techniques that have made it
possible not only some of the first quantum algorithms and computa-
tions in the field, but also to take Quantum Optics beyond what could
be achieved with real matter so far. Similar to earlier chapters, we
focus mostly on the RWA limit, which is the one that has been most
thoroughly used in experiments, but provide a section on the so called
ultrastrong coupling.

1See [?] for an overview of the field around 2001, shortly before the first circuit-
QED experiments
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(a)

(b)

(c)(d)

(d)

Figure 6.1: Fotograph of a transmon qubit standing near a microwave
resonator. The picture shows a zoom of the qubit (a), the transmission
line that forms the cavity (b, green), the line controlling the transmon
gap (d) and the a line that interacts with the transmon to measure its
state (c). Picture courtesy of A. Wallraff, with minor editions.

6.1 The Rabi model

6.1.1 Cavity-qubit interaction

Figure 6.1 summarizes many of the circuital elements that are part
of a cavity-QED experiments with superconductors. The two obvious
elements are the qubit (a) and the resonator (b). While there are many
choices for the latter, most experiments settle with coplanar waveguide
resonators and embed the qubit in the gap between the transmission
line and the ground plane. The cavity is relatively simple and we only
remark the capacitive coupling to a line (d, in red) which can be used
to feed energy or read out the photons that leak from the cavity [cf.
§3.5]

In this particular experiment the qubit is a transmon and there are
two additional lines that control the qubit gap (d) and the qubit applied
voltage (c). Note how the transmon qubit is built with a SQUID loop
in place of the junction. The line (d) circulates some current that sinks
into the ground plane but is strong enough to induce a magnetic field
that, after circulating through the SQUID, induces significant changes
in the transmon inductance and its gap at zero bias. The line (c), on
the other hand, can be used to induce additional voltages (note how
it is capacitively coupled to one layer of the capacitor) and also for
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Figure 6.2: Energy level structure of a qubit and a cavity without
coupling (solid), as described by the Jaynes-Cummings model (6.2).
When the interaction is switched on, states |g, n〉 and |e, n− 1〉 get
coupled, leading to new eigenstates that are superpositions (dashed)
and which are shifted from their original energies.

readout.

The effective Hamiltonian that models the qubit-cavity interaction
is the so called Rabi model

H = ~ωa†a+ ~gσx(a+ a†) +
~∆

2
σz, (6.1)

which is nothing but an extreme case of the spin-boson model (5.6),
in a situation in which the spectrum of photons is gapped and there is
only one mode that is close to resonance with the qubit.

As in the case of the open transmission line, however, the coupling
strength g is the smallest time scale in that problem and we can ap-
ply the rotating wave approximation, obtaining the Jaynes-Cummings
model

H = ~ωa†a+ ~g(σ+a+ a†σ−) +
~∆

2
σz. (6.2)

This is a much simpler Hamiltonian which, as in its free space rela-
tive, conserves the total number of excitations. Photons are therefore
oscillating back and forth between the qubit and the cavity, and the
Hamiltonian becomes box diagonal.
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6.1.2 Vacuum Rabi splitting

The Jaynes-Cummings model gives rise to an interesting dynamics be-
tween the cavity and the qubit, which is summarized in figure 6.2. The
total number of excitations

Ne = |e〉 〈e|+ a†a, (6.3)

is thereby conserved. The coupling term σ+a + σ−a is box diagonal
and only relates the state |g, n+ 1〉 with its neighbor |e, n〉, through a
process in which the qubit absorbs a photon from the cavity and gets
excited.

Mathematically, within the subspace {|g, n+ 1〉 , |e, n〉}, the Hamil-
tonian acquires a box-diagonal structure

Hn = ~ω(n+ 1
2 ) +

~(∆− ω)

2
σz +

~g
√
n+ 1

2
σx. (6.4)

This Hamiltonian block has two eigenstates with eigenenergies

En,± = ~ω(n+ 1
2 )± 1

2

√
(∆− ω)2 + g2(n+ 1). (6.5)

In particular, in the resonant case, the two lowest energy excitations
right about the ground state |g, 0〉 have energies E0,± = ~(ω ± g)/2.
Therefore, transitions from the actual ground state, Egs = −~
omega/2, to either of these states will have frequencies ω ± g/2, with
two resonances that spread a part a distance g.

These transitions can be probed experimentally through an spec-
troscopy experiment. Injecting microwave photons through one side of
the cavity, and looking at the other side, we should see transmitted pho-
tons only when they are resonant with one of the allowed transitions.
In figure 6.3a we show the transmission spectra for ∆ = ω. Notice how
the two maxima of transmission spread apart linearly as a function of
g.

Alternatively we can change the qubit frequency in and out of res-
onance with the cavity, leaving the coupling fixed. This is shown in
figure 6.3b. In this numerical experiment we fix g = 0.05ω and the
qubit gap ∆ = 0.7ω, and apply an external field ε, that changes the
qubit energy splitting. When the qubit is strongly off-resonant from
the cavity, transmission can only happen by injecting one photon into
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6.1. The Rabi model

Figure 6.3: (a) Transmission through the cavity as a function of the
relative coupling, for ω = ∆. (b) Transmission through the cavity as a
function of the qubit bias, ε, for ∆ = 0.7ω and g = 0.05ω. In dashed
line we plot the qubit energy levels for g = 0. The linewidths assume√
γκ = 0.005ω.

the system and allowing that photon to leak through either side of the
cavity. The transitions that drive this process are |s, n〉 → |s, n+ 1〉,
and the state of the qubit, s ∈ {g, e}, is unaltered. These transitions
have a resonance at ω, which is the frequency at which the horizontal
line of maxima happens. If we now apply the external field and bring
the qubit frequency to resonance with the cavity (dashed line in fig-
ure 6.3b),

√
∆2 + ε2 ' ω, it now becomes possible to have processes

such as those from figure 6.2 and the original resonance splits into two,
corresponding to the two allowed transitions. In the plot 6.3b this is
seen in the form of an avoided crossing where the minimal separation
between spectroscopy lines is g.

6.1.3 Weak, strong and ultrastrong coupling limits

Can the vacuum Rabi splitting be seen in an experiment? It depends
mainly on the properties of the cavity. The linewidth of these reso-
nances is proportional to the qubit and cavity decoherence rates, γ and
κ. If these lines are broader than the splitting,

√
κγ > g, the exper-

iment is found in the weak coupling regime and the lines cannot be
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Figure 6.4: (left) Transmission spectroscopy results for a flux qubit
interacting with the third mode of a microwave resonator. (right) Two
different fits with the RWA and Jaynes-Cummings (red) and the full
Rabi model (black).

resolved spectroscopically.

This was the situation in most experiments with atoms in a cavity
until recently, and it is the situation of optomechanical devices nowa-
days, due to the difficulty of building high-quality cavities with large
couplings to the optical transitions of the embedded system. However,
as we have seen through these notes, microwave cavities have very little
losses and they can be tuned by changing their capacitive and induc-
tive interactions to nearby elements. Moreover, superconducting qubits
and microwave cavities are made of the same material,1 and photons
and charge/flux excitations may be regarded as two sides of the same
coin. It is therefore natural that one can reach high ratios that allow
the observation of the Rabi splitting.

This is indeed what was achieved in the seminal work by the Yale
group in 2004 [WSB+04]. In that experiment, a cavity with a frequency
of around ω/2π ' 6GHz was designed to have a quality factor Q = 104,
These losses, κ = 2π × 0.8 MHz, were mainly due to leakage through
the extremal capacitors at the ends of the line, the internal losses of
the photon being two orders of magnitude smaller. Adjusting spectra
similar to the ones in figure 6.3b, it was possible for them to fit the qubit
parameters, the coupling g/2π = 11 MHz, and the qubit decoherence
rate γ/2π = 0.8MHz.
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Experiments in the last years have improved to the point that g need
no longer be limited to 11MHz. Setups with flux qubits can be designed
so that the qubit and the photons to share a piece of the transmission
line, increasing the coupling strength to limits around g ' ω [?]. This
idea has been experimentally tested in two different setups, one with
a microwave transmission line resonator [?] with multiple modes and
a different one with a flux qubit coupled to a zero mode LC resonator
[?]. In figure 6.4 we show a transmission spectrum from experiment
[?]. This particular spectrum is centered on the third resonator mode
of the transmission line, with an enhanced coupling g/ω ' 12% based
on the previous ideas. As shown in figure 6.4b this spectrum is only
fitted properly when we consider both the rotating and counterrotating
terms, that is the full Rabi model (6.1). This regime of couplings is
known as the ultrastrong coupling regime.

6.2 Circuit-QED control

6.2.1 Off-resonant limit

6.2.2 Qubit measurement and spectroscopy

6.2.3 State engineering
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Appendices

A.1 Number-phase representation

Our quantisation procedure is based on the commutation relation [φ̂, q̂] =
i~, that equates charge and flux to position and momentum. In prac-
tice, however, the charge q is not quite like the momentum operator,
because it is defined in multiples of the charge quantum, −2e. Simi-
larly, φ̂ is not at all like the position operator, but it is rather related
to the phase of the superconductor wavefunction and thus periodic in
units of the flux quantum Φ0.

It is therefore possible to draw a relation between the flux-charge op-
erators and a possible phase-number representation that would imple-
ment such operators. Unfortunately, defining a unique phase-number
representation with the desired properties is a daunting task and we
will only use some minor ideas that are sufficient for our computations,
leaving subtleties behind. Our notation is consistent with [PB89] and
with the original definition of the phase operator by Susskind and Gl-
ogower [SG64].

The eigenstates of the charge operator are the number states

q̂ |n〉 = −2e× n |n〉 , n ∈ Z. (A.1)

A possible representation of these states is given by the exponentials of
the phase operator

ϕ̂ =
φ̂

ϕ0
(A.2)
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giving eigenfunctions that are defined over the phase circle, periodically

|n〉 ∼ 1√
2π
e−inϕ, ϕ ∈ [0, 2π). (A.3)

In this representation the number operator is the generator of transla-
tions and is proportional to the charge

q̂ = −2en̂ = −2e(i∂ϕ). (A.4)

The phase operator, on the other hand, is proportional to the flux and
is the generator of charge increments and decrements

e−imϕn̂e−imϕ = n̂−m, (A.5)

e−imϕ |n〉 = |n+ 1〉 , (A.6)

or in the Susskind notation

eimϕ =
∑
n∈Z
|n〉 〈n+ 1| . (A.7)

It is no surprise then, that we can write the Josephson energy as a
tunnelling term

cos(ϕ) =
1

2

∑
n

|n+ 1〉 〈n|+ H.c. (A.8)

that is responsible for the transport of charge across the junction.
An important subtlety of this problem is that phase and number,

ϕ̂ and n̂, do not satisfy the same commutation relations as flux and
charge. Because of the periodic boundary conditions, we have

[ϕ̂, n̂] = −i
∑
m∈Z

δ(ϕ− 2πm). (A.9)

and only when the wavefunction is localized in the phase space, do
these commutators approach the position-momentum one.

A.2 Josephson junctions and the Mathieu
equation

The Hamiltonian for a Josephson junction, a charge qubit or a transmon
read always

H =
1

2C
q2 − EJ cos(φ/ϕ0). (A.10)
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Figure A.1: The eigenfunctions generated by MathieuC (solid) and
MathieuS (dash) for positive q = 25. Functions have been arbitrar-
ily shifted to aid readability. Note that the potential that traps them,
2q cos(2z), has the minima at z = ±π/2 because q > 0.

Following §A.1, we can use the phase representation to write the asso-
ciated Schrödinger equation as follows[

4EC(−i∂ϕ)2 − EJ cos(ϕ)
]
ψn(ϕ) = εnψn(ϕ). (A.11)

This equation has to be compared to the Mathieu differential equation,
which following Mathematica’s notation reads

d2

dz2
u(z) + [a− 2q cos(2z)]u(z) = 0. (A.12)

This equation has as solution two special functions, denoted C(a, q, z)
and S(a, q, z) to represent generalized cosine (even) and sine (odd) func-
tions. We are only interested in the solutions C and S which have the
appropriate 2π periodicity of the phase. This periodicity only happens
for values of the parameter a that we identify with the eigenenergies of
the problem. More precisely

• MathieuC[a,q,z] and MathieuS[a,q,z] return even and odd
eigenfunctions for parameters a and q.

• MathieuCharacteristicA[r,q] and MathieuCharacteristicB[r,q]

return the eigenenergies, sorted by integer number r.

In practice Mathematica does not work well with negative values of q,
which are the ones we need (q = −EJ/2EC in our model). However,

79



A.3. Tridiagonal matrix diagonalization

it is not hard to realize that changing q → −q amounts to a shift
z → z±π/2 (cf. figure A.1), so that (i) all eigenenergies are the values
of MathieuCharacteristicA[r,EJ/(2*EC)] for integer r = 0, 1, . . .
and (ii) all eigenfunctions are MathieuC[E,EJ/(2*EC),z], where z =
(ϕ− π)/2.

A.3 Tridiagonal matrix diagonalization

Periodic boundary conditions

We need to diagonalize the matrix

B =



a b 0 . . . 0 0 b

b a b . . . 0 0 0

0 b a . . . 0 0 0
...

...
...

. . .
...

0 0 0 . . . a b 0

0 0 0 . . . b a b

b 0 0 . . . 0 b a


∈ RN×N . (A.13)

The eigenmodes are defined by the eigenvalue equations

b(um−1 + um+1) + aum = λum, m = 1 . . . N (A.14)

where we need the identification um+N = um associated to periodic
boundary conditions.

We can solve the eigenvalue equations with plane waves

u(n)
m =

1√
N

exp(iknm), kn =
2πn

N
∈ 2π

N
×{0, 1, 2 . . . N − 1}, (A.15)

that naturally satisfy the boundary conditions, um+N = um exp(ikN) =
um exp(i2πn). The eigenvalues associated form a band

λn = a+ 2b cos(kn). (A.16)

Note that the actual momenta, kn, can take any value up to displace-
ments of order 2π. It is quite often more convenient to choose these

80



Appendix A. Appendices

labels so that they explore the interval (−π, π], instead of [0, 2π), as
defined above. In this case we choose

kn ∈
π

2M
× {−M + 1,−M + 2, . . .− 1, 0, 1 . . .M}, (A.17)

for even sizes N = 2M and

kn ∈
π

2M + 1
× {−M,−M + 1, . . .− 1, 0, 1 . . .M}, (A.18)

for odd ones, N = 2M + 1.
It is also sometimes interesting to replace the complex wavefunctions

eiknm with real ones. In other words, instead of diagonalizing B with
a unitary transformation, we use an orthogonal one, B = OTΛO, O ∈
RN×N , OTO = 1. The eigenfunctions are linear combinations of the
exponentials, consisting on sinusoidal functions

u(even,n)
m =

√
2

N
cos(knm), kn ∈ (0, π) (A.19)

u(odd,n)
m =

√
2

N
sin(knm),

plus the two extra solutions

u(even,0)
m =

√
1

N
, k0 = 0, (A.20)

u(even,n)
m =

√
1

N
(−1)m, kn = π. (A.21)

Open boundary conditions

We need to diagonalize the matrix

B =



a b 0 . . . 0 0 0

b a b . . . 0 0 0

0 b a . . . 0 0 0
...

...
...

. . .
...

0 0 0 . . . a b 0

0 0 0 . . . b a b

0 0 0 . . . 0 b a


∈ RN×N . (A.22)
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The eigenmodes are defined by the eigenvalue equations

b(um−1 + um+1) + bum = λum, m = 2 . . . N − 1 (A.23)

bu2 + au1 = λu1,

buN−1 + auN = λuN .

A trick to solve this problem is to realize that these equations are
equivalent to those of a periodic boundary condition problem (A.14)
of size 2(N + 1), where one imposes uN+1 = u2(N+1) = 0. Such as
solution may be constructed by combining two plane waves that have
opposite momenta and are thus degenerate eigenmodes of the periodic
boundary conditions problem

um ∝ eikm − e−ikm (A.24)

We summarize here the final solution, including the appropriate nor-
malization factors

um =

√
2

N
sin(knm), (A.25)

kn ∈ π

N + 1
× {1, 2, . . . N}

λn = a+ 2b cos(kn). (A.26)

Note that, unlike in the periodic case, we can no longer shift the linear
momenta, which are constrained to the interval [0, π).

A.4 Harmonic chain diagonalization

We are going to diagonalize a problem of coupled Harmonic oscillators,
which we write in the following form:

H =
1

2C
pTp +

1

2L
xTBx. (A.27)

We will use that the position and momentum operators can be defined
in terms of N Fock operators, with commutation relations [bn, b

†
m] =

δnm. The relation between both operators is given by

xm =
∑
n

an
1√
2

(Umnbn + U∗mnb
†
n), (A.28)

pm =
∑
n

~
an

i√
2

(U∗mnb
†
n − Umnbn), (A.29)
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where an are non-negative constants and U is a unitary transformation.
Using U∗nmUnr = δmr, we can prove that the commutation relations
between position and momenta are satisfied, [xm, xr] = 0, [pm, pr] = 0,
[xm, pr] = i~δmr.

How do we use this? Let us assume that matrix B ∈ RN×N , which is
real and symmetric, is diagonalized with an orthogonal transformation

B = U†ΛU, with

{
Λij = λiδij

UTU = 1, U ∈ R
(A.30)

Thanks to the orthogonality condition we can write

pTp =
∑
m

~2

2a2
n

(b†nbn + bnb
†
n − b† 2

n − b2n) (A.31)

xTBx =
∑
m

a2
nλn
2

(b†nbn + bnb
†
n + b† 2

n + b2n) (A.32)

We impose the conditions

~2

2Ca2
n

=
a2
nλ

2L
=

1

2
~ωn. (A.33)

This gives the frequencies and oscillator lengths

ωn =

√
λn
CL

, an =

√
~

Cωn
, (A.34)

and the Hamiltonian becomes diagonal

H =
∑
n

~ωn
(
b†nbn +

1

2

)
. (A.35)

Periodic boundary conditions

In a problem with periodic boundary conditions, with Bij = Bi+1j+1,
the matrix B can be diagonalized with two sets of wavefunctions, either
sines and cosines or complex exponentials [cf. §A.3]. The time rever-
sal associated to real couplings B causes pairs of momenta ±k to be
degenerate in frequency, so that wavefunctions cos(kx) and sin(kx) or
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any combination of them can be used. If we call bck and bsk the Fock
operators, we introduce

b±k =
1√
2

(bck ± ibsk), k 6= 0, π (A.36)

b0,π = bc0,π. (A.37)

According to this definition

xm =
∑
k

an
1√
2N

(
eikmbk + e−ikmb†k

)
, (A.38)

pm =
∑
k

~
an

i√
2N

(e−ikmb†n − eikmbn), (A.39)

where the sum takes place over the allowed values of the quasimomen-
tum k, including the special cases k = 0 and π, where originally and
also here there is only one mode. The diagonalized Hamiltonian takes
the expected form

H =
∑
k

ωkb
†
kbk, (A.40)

with the degeneracy ωk = ω−k.

A.5 Master equations

A.5.1 Interaction picture

Let us assume that the Hamiltonian of our system can be separated
into two parts, H = H0 +H1. Typically, H1 will be a perturbation of a
problem H0 that we can solve exactly. The evolution of the full system
is generated by a unitary operator U(t) that satisfies the Schrödinger
equation,

i
d

dt
U(t) = (H0 +H1)U(t), (A.41)

with initial condition U(0) = 1.
We split the evolution operator into two contributions, U(t) =

exp(−iH0t)W (t). The first part, as we mentioned before, can be solved
exactly, while the second contribution, W , groups the new dynamics
produced by the perturbation H1

i
d

dt
W (t) = eiH0tH1e

−iH0tW (t) = H1(t)W (t). (A.42)
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In what follows we will use this equation recursively, profiting from the
fact that H1(t) is a small correction and we can consider its contribu-
tions perturbatively.

A.5.2 Lindblad equation

We start with a problem in the interaction picture, described by a time-
dependent Hamiltonian, H1(t), that describes the coupling between a
small system and larger environment or bath. The state of the com-
bined system will be described by a density matrix ρ(t), evolving with
the master equation

d

dt
ρ(t) = − i

~
[H1(t), ρ(t)]. (A.43)

Because H1 is a small perturbation, we feel confident to use perturba-
tion theory up to second order. Thus, starting from a state ρ(t), after
a time δt will be given by the Dyson formula

ρ(t+ δt) ' ρ(t)− i

~

∫ t+δt

t

[H1(t′), ρ(t)]dt′ (A.44)

− 1

~2

∫ t+δt

t

∫ t′

t

[H1(t′), [H1(t′′), ρ(t)]]dt′′dt′.

At this point we make our second approximation, which is to assume
that the feedback of the system onto the environment is negligible.
Because the environment is so large, we can assume that it remains
approximately in the same state, so that ρ(t) = ρS(t) ⊗ ρB . We can
thus focus on the evolution of the system, tracing out all other degrees
of freedom and in doing so we will impose1 TrB{H1(t′)ρ(t)} = 0. We
thus obtain

ρS(t+δt) ' ρS(t)− 1

~2

∫ t+δt

t

∫ t′

t

TrB [H1(t′), [H1(t′′), ρS(t)⊗ρB ]]dt′′dt′.

In what follows, we will show how this equation may be approximated
as a linear transformation of the density matrix,

ρS(t+ δt) = ρS(t) + δtLρS(t), (A.45)

1We will see that this is not really a restriction, as typically H1 ∼ OS ⊗ OB ,
where the system and bath operators OS and OB have zero diagonal elements
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so that we may write the Lindblad equation

d

dt
ρS = LρS (A.46)

Note that in this equation the superoperator2 L is time independent.
In other words, the evolution of the system only at time t only depends
on that instant of time and not on the earlier history. This property is
called Markovianity and arises from a certain behavior of the interaction
Hamiltonian and the spectrum of the unperturbed model, H0.

A.5.3 Linear system-bath coupling

In many of the problems that we find throughout these notes, the sys-
tem bath interaction may be written

H1 = A†
∑
k

Bk + H.c., (A.47)

with some system operator A and some bath operators Bk. In the
interaction picture the frequency of the system will be ∆, while that of
the bath will change from mode to mode, ωk:

H1(t) = A†ei∆t
∑
k

gkBke
−iωkt + H.c. = (A.48)

When we insert this expression into the formula (A.45), we obtain four
terms that arise from the different combinations of A and B operators
multiplying ρ

∆ρS =

∫ t+δt

t

dt {IB†B†LAA + IB†BLAA† + IBB†LA†A + IBBLA†A†} ρS(t).

(A.49)
The Lindblad operators in this expression have all similar forms

LXY ρ = 2XρY − Y Xρ− ρY X, (A.50)

2A superoperator is a linear transformation that maps operators into other op-
erators in the same space.
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and the integrals are

IBB =
∑
pq

gpgp

∫ t+δt

t

〈BpBq〉 e−i(ωp−∆)t−i(ωq−∆)t′ (A.51)

IBB† =
∑
pq

gpg
∗
p

∫ t+δt

t

〈BpB†q〉 e−i(ωp−∆)t+i(ωq−∆)t′

IB†B =
∑
pq

g∗pgp

∫ t+δt

t

〈B†pBq〉 e+i(ωp−∆)t−i(ωq−∆)t′

IB†B† =
∑
pq

g∗pg
∗
p

∫ t+δt

t

〈B†pB†q〉 e+i(ωp−∆)t+i(ωq−∆)t′ .

We will argue that each of these integrals is approximately independent
of time and thus confirms our original idea of producing a Markovian
master equation.

If we focus on thermal baths, only the IBB† and IB†B terms survive,
because

〈BqBp〉 = 〈B†qB†p〉 = 0, (A.52)

〈B†qBp〉 = n(ωp)δq,p, (A.53)

〈BqB†p〉 = (n(ωp) + 1)δq,p. (A.54)

We can now introduce the spectral function

J(ω) = 4π
∑
k

|gk|2δ(ω − ωk), (A.55)

by which

IB†B =

∫ t+δt

t

dt

∫
dω

4π
J(ω)n(ω)ei(ω−∆)(t−t′). (A.56)

The Markovian assumption enters by assuming that J and n are smooth
functions and the integral itself decays very rapidly with time, in a
memory time τ � δt. Following [WM94], this allows us to take the
upper integration limits to ±∞, recovering the distribution∫ ∞

0

dτeiετ = πδ(ε)− iPV
(

1

ε

)
, (A.57)
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where τ = t − t′ and ε = ω −∆. When we push this distribution into
the formula for IB†B we find

IB†B =
γ

2
n(ω) + i∆̃, (A.58)

with the small correction to the system frequency called the Lamb shift

∆̃ = PV

∫ ∞
−∞

dε

4π

1

ε
J(∆ + ε)n(∆ + ε) ' 0, (A.59)

and a heating rate γ = J(∆)/2. A similar computation gives

IBB† =
γ

2
[n(∆) + 1] + i∆̃′. (A.60)

When we inject these formulas into equation (A.49), we obtain the
usual Quantum Optics textbook material

d

dt
ρS = [n(∆) + 1]

γ

2

(
2AρA† −A†Aρ− ρA†A

)
(A.61)

+ n(∆)
γ

2

(
2A†ρA−AA†ρ− ρAA†

)
,

with the cooling and heating Lindblad operators.
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